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The main purpose of this contribution is to determine physical and geometrical
characterizations of whole classes of stationary cyclic symmetric gravitational fields
coupled to Maxwell electromagnetic fields within the (2 + 1)–dimensional gravity.
The physical characterization is based on the determination of the local and global
energy–momentum–mass quantities using the Brown–York approach. As far as to
the algebraic–geometrical characterization is concerned, the eigenvalue problem for
the electromagnetic field, energy–momentum and Cotton tensors is solved and their
types are established.
The families of Einstein–Maxwell solutions to be considered are: all uniform
electromagnetic solutions possessing electromagnetic fields with vanishing covari-
ant derivatives ( stationary uniform and spinning Clement classes), all fields having
constant electromagnetic field and energy–momentum tensors’ invariants ( Kamata–
Koikawa solutions), the whole classes of hybrid electromagnetic Ayon–Cataldo–
Garcia solutions, a new family of stationary electromagnetic solutions, the electro-
static and magnetostatic solutions with Peldan limit, the Clement spinning charged
metric, the Martinez–Teitelboim–Zanelli black hole solution, and Dias–Lemos elec-
tromagnetic solution.
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I. INTRODUCTION
During the last two decades three–dimensional gravity has received some attention, in
particular, in topics such as: black hole physics, search of exact solutions, quantization of
fields coupled to gravity, cosmology, topological aspects, and others. This interest in part
has been motivated by the discovery, in 1992, of the 2 + 1 stationary circularly symmetric
black hole solution by Ban˜ados, Teitelboim and Zanelli [1]–the BTZ black hole– see also [2–
4], which possesses certain features inherent to 3 + 1 black holes. On the other hand, it is
believed that 2 + 1 gravity may provide new insights towards a better understanding of the
physics of 3 + 1 gravity. In the framework of 2 + 1 gravity the list of references on exact
solutions is extremely vast; one finds works on point masses, perfect fluid solutions, dilaton
and string fields, electromagnetic fields coupled to gravity, and cosmologies, among others.
The general form of electromagnetic fields for stationary cyclic symmetric 2+1 spacetimes
is given by:∗F = adt+bdφ+cgrr/√−gdr, which splits into various sub–families: the electric
b 6= 0 fields, the magnetic a 6= 0 fields, the uniform fields characterized by the vanishing
of the covariant derivatives Fαβ;γ = 0, the class of stationary fields with constant invariant
Fµν F
µν , and consequently, due to the structure of the electromagnetic fields, with constant
energy–momentum tensor invariants, the gravitational stationary cyclic solutions for the
hybrid electromagnetic field ∗F = cgrr/√−gdr; the explicit derivation of the solutions
belonging to the quoted branches can be found in [5].
This report is organized as follows. Section II is devoted to the determination of the algebraic
types of the Cotton tensor for a generic stationary cyclic symmetric metric. In section III a
4detailed derivation of the energy, momentum and mass quantities for this stationary cyclic
symmetric metric is accomplished; these characteristic expressions will be evaluated in the
next sections for each of the spacetimes to be considered. In particular, since the static and
the stationary BTZ solutions are considered as limits for vanishing electromagnetic fields,
it is convenient to have at hand their energy–momentum characteristics, this is done in
Section IV. Next sections, following all a similar pattern, are devoted to the determination
of the energy and momentum densities as well as of the corresponding integral energy,
momentum and mass. Emphasis is put on the asymptotic behavior of these quantities at
spatial infinity.
The application of the Hayward black hole dynamics formulation and the Ashtekar iso-
lated horizon approach to the reported here static and stationary black hole solutions is
straightforward.
II. COTTON TENSOR ALGEBRAIC CLASSIFICATION
In (n + 1)–dimensional space–times, for n > 3, the invariant decomposition of the Rie-
mannian curvature tensor gives rise to the conformal Weyl tensor, the traceless Ricci tensor,
and the scalar curvature; for the classification of gravity one classifies the Weyl tensor, and
the classification of matter is achieved through the classification of the traceless Ricci tensor.
For details, in (3 + 1)–dimensional space–times, see for instance, the book [6].
In (2 + 1)–dimensional space–times there is no room for the conformal Weyl tensor, the
Riemannian curvature tensor decomposes into the Ricci tensor, and the scalar curvature.
The role of the conformal tensor in 2+1 gravity is played by the Cotton tensor, see [6], which
is defined by means of the Ricci tensor and the scalar curvature through their covariant
derivatives
Cαβ = ǫαγδ(Rβγ − 1
4
Rδβγ);δ, C
α
α = 0. (2.1)
For the standard stationary (static) cyclic symmetric metric
ds2 = −N2dt2 + L−2 dr2 +K2[dφ+Wdt]2,
the traceless Cotton tensor, in the form Cαβ, occurs to be
(Cαβ) =


C11 0 C
1
3
0 C22 0
C31 0 C
3
3

 ; C11 + C22 + C33 = 0. (2.2)
Determining the eigenvalues and eigenvectors of the Cotton matrix (2.2) one establishes the
algebraic Cotton type of the space–time one is dealing with. Accordingly, the characteristic
equation for the eigenvalue λ amounts to
(C22 − λ)
(
(C11 − λ)(C33 − λ)− C31C13
)
= 0, (2.3)
or, in terms of its solutions, as
(C22 − λ)
(
λ+
1
2
C22 +
1
2
√
(C22 + 2C11)2 + 4C31C13
)
×(
λ+
1
2
C22 − 1
2
√
(C22 + 2C11)2 + 4C31C13
)
= 0 (2.4)
5while the eigenvector equations are
(C11 − λ)V 1 + C13V 3 = 0,
(C22 − λ)V 2 = 0,
C31V
1 + (C33 − λ)V 3 = 0. (2.5)
For each eigenvalue the corresponding solution is:
λ1 = C
2
2, V1 = (0, V
2, 0),
λ2 = −1
2
C22 +
1
2
√
(C22 + 2C11)2 + 4C31C13, V2 = (V
1 = − C
1
3
C11 − λ2V
3, 0, V 3),
λ3 = −1
2
C22 − 1
2
√
(C22 + 2C11)2 + 4C31C13, V3 = (V
1 = − C
1
3
C11 − λ3V
3, 0, V 3).
(2.6)
Thus, the eigenvector V1–a real one–is oriented in the ρ–direction, the remaining two vectors
V2 and V3 might be real vectors lying on the surface spanned by the t and φ coordinate
directions or complex eigenvectors depending, correspondingly, upon whether the value of
the radical (C22 + 2C
1
1)
2 + 4C31C
1
3 is positive or negative.
The nomenclature to be used for eigenvectors and algebraic types of tensors is borrowed
from Plebanski’s monograph [7], Chapter VI: time-like, space–like, null, and complex vectors
are denoted respectively by T, S, N, and Z. For algebraic types are used the symbols:
{λ1T, λ2S2, λ3S3} ≡ {T, S, S}, meaning that the first real eigenvalue λ1 gives raise to a time–
like eigenvector T, the second real eigenvalue λ2 is associated with a space–like eigenvector
S2, finally the third real eigenvalue λ3 is related to a space–like eigenvector S3; for the sake of
simplicity I use the typing {T, S, S}. It is clear that {N,N, S} stands for the algebraic type
allowing for two different real eigenvalues giving rise to two null eigenvectors while the third
real root is associated with a space–like eigenvector. When there are a single and a double
real eigenvalues giving rise correspondingly to a time–like and space –like eigenvectors, the
algebraic type is denoted by {T, 2S}, consequently, for a triple real eigenvalue, if that were
the case, the types could be {3T}, {3N}, or {3S}. For a complex eigenvalue λZ , in general,
the related eigenvectors occur to be complex and are denoted by Z and Z¯ its complex
conjugated, the possible types are {T, Z, Z¯}, {N,Z, Z¯}, or {S, Z, Z¯}.
In general, the spaces described by the stationary (static) cyclic symmetric metric above
belong to the Cotton type I; if the three eigenvectors are real the type is IR, otherwise the
type is IZ with eigenvectors S, N, T, Z, and Z¯. Following the notation above–proposed, the
algebraic types for the Cotton tensor could be: {S, S, S}, {S,N,N}, {S, Z, Z¯}, and so on.
An alternative treatment of the Cotton tensor and conformal symmetries for (2 + 1)-
dimensional spaces is given in [8], and also in [9], where also is developed the analysis on
Cotton tensors in n+1–dimensions.
III. ENERGY, MASS, AND MOMENTUM FOR 2 + 1 STATIONARY CYCLIC
SYMMETRIC METRIC
In this section is established the general form of the energy and the momentum functions
for metrics with non-flat but anti–de Sitter asymptotic following the Brown–York approach
6[10], see also [11]. The (2 + 1)–dimensional stationary cyclic symmetric metric to be used is
given by
ds2 = −N2dt2 + L−2 dr2 +K2[dφ+Wdt]2, (3.1)
where the structural functions N , L, K, and W depend on the variable r. The timelike
vector uµ normal to the hypersurface Σ : tΣ = const. and the spacelike vector nµ normal to
the surface
2
B : r 2
B
= R = const. are given by
uµ = −Nδtµ, uµ =
1
N
δµt −
W
N
δµφ,
nµ =
1
L
δrµ, n
µ = Lδµr . (3.2)
Therefore the projection metrics are:
ds2|Σ:t=const. = L−2 dr2 +K2 dφ2 = hijdxi dxj,
ds2| 2
B:r=R=const.
= −N2 dt2 +K2(dφ+Wdt)2 = γABdxA dxB,
ds2|B:t=const.,r=R=const. = K2 dφ2 = σıdxı dx. (3.3)
The components of the projection tensor h are explicitly given by
hµν = gµν + uµuν ,
hµν = K
2W 2δtµδ
t
ν +WK
2(δtµδ
φ
ν + δ
φ
µδ
t
ν) + L
−2δrµδ
r
ν +K
2δφµδ
φ
ν ,
hij = L
−2δri δ
r
j +K
2δφi δ
φ
j , det(hij) = K
2/L2,
hµν = L2δµr δ
ν
r + δ
µ
φδ
ν
φ/K
2, hµν = Wδ
µ
t δ
φ
ν + δ
µ
r δ
r
ν + δ
µ
φδ
φ
ν ,
hµ
ν = Wδtµδ
ν
φ + δ
r
µδ
ν
r + δ
φ
µδ
ν
φ, hi
j = δji . (3.4)
The components of the projection tensor γ amount to
γµν = gµν − nµnν ,
γµν = −(N2 −K2W 2)δtµδtν +WK2(δtµδφν + δφµδtν) +K2δφµδφν ,
γµν = − 1
N2
δµt δ
ν
t +
W
N2
(δµt δ
ν
φ + δ
µ
φδ
ν
t ) +
N2 −K2W 2
K2N2
δµφδ
ν
φ,
γµ
ν = δtµδ
ν
t + δ
φ
µδ
ν
φ, det(γAB) = −K2N2. (3.5)
Notice that the indices µ, ν associated to the three-dimensional spacetime can be replaced
by indices A,B running 0 ∼ t, 3 ∼ φ. The components of the projection tensor σ amount to
σµν = gµν + uµuν − nµnν ,
σµν = K
2W 2δtµδ
t
ν +WK
2(δtµδ
φ
ν + δ
φ
µδ
t
ν) +K
2δφµδ
φ
ν , σı = K
2δφı δ
φ
 ,
σµν = δµφδ
ν
φ/K
2, σı = δıφδ

φ/K
2, det(σı) = K
2, (3.6)
where ı,  run only 3 ∼ φ.
7To evaluate extrinsic curvatures one needs the expressions of the symmetric Christoffel
symbols, which amount to
Γttr =
1
2N2
(
2NN,r −K2WW, r
)
, Γtrφ = − 1
2N2
K2W, r,
Γrtt = L
2
(
NN,r −KW 2K, r −K2WW, r
)
,
Γrtφ = −1
2
L2K (2WK,r +KW, r) ,
Γrrr = − 1
L
L,r, Γ
r
φφ = −L2KK,r,
Γφtr =
1
2KN2
(−2WKNN,r +W 2K3W, r + 2N2WK, r +N2KW, r) ,
Γφrφ =
1
2KN2
(
WK3W,r + 2N
2K, r
)
, (3.7)
while all other components vanish.
The extrinsic curvature to the hypersurface Σ : t = const. is given by the spatial tensor
Kµν , namely
Kµν = −hαµ∇αuν = −hµβgβαuν;α
Kµν =
1
2N
K2WW, r(δ
t
µδ
r
ν + δ
r
µδ
t
ν) +
1
2N
K2W, r(δ
φ
µδ
r
ν + δ
r
µδ
φ
ν ),
Kµν =
1
2N
L2W, r(δ
µ
φδ
ν
r + δ
µ
r δ
ν
φ),
Kµ
ν =
1
2N
L2K2WW, rδ
t
µδ
ν
r +
1
2N
L2K2W, rδ
φ
µδ
ν
r +
1
2N
W, rδ
r
µδ
ν
φ, (3.8)
thus the trace of Kµν is zero, K
µ
µ = 0.
The momentum tensor P µν = 1
2κ
√
det(hij) [K
α
α h
µν −Kµν ] for the hypersurface Σ be-
comes
P µν = − 1
4κN
LKW, r(δ
µ
r δ
µ
φ + δ
µ
φδ
µ
r ), (3.9)
while the surface momentum density vector jµ = −2σµνP ναnα/
√
det hij amounts to
jµ =
1
2κ
L
N
K2WW, rδ
t
µ +
1
2κ
L
N
K2W, rδ
φ
µ. (3.10)
Consequently the surface momentum density ja reduces in the studied case to
jφ = −2 1
K
σφφP
φ r =
1
2κ
L
N
K2W, r.
(3.11)
modulo the additive constant related to the reference spacetime.
The energy density is evaluated by using the tensor
kµν = −σαµhβαnλ;βhλν = hµαΘαβhβν , Θµν = −γβµnν;β,
8which amounts to
kµν = −LKWK, r[Wδtµδtν + 2δφ(µδtν)]− LKK, rδφµδφν , (3.12)
while
kµν = − 1
K
LWK, rδ
µ
φδ
t
ν −
1
K
LK, rδ
µ
φδ
φ
ν . (3.13)
Rising with σφφ = K
2 = σφφ one of the indexes of the component kφφ = −LKK, r of the
extrinsic curvature k associated to the metric of
2
B, one arrives at
k := kıı = σ
φφkφφ = − 1
K
LK, r. (3.14)
Therefore the energy density ǫ becomes
ǫ =
1
κ
k|cl0 = −
1
κK
LK, r|R − ǫ0. (3.15)
As far as to the integral characteristics is concerned, the total quasilocal energy E =∫
B
dx
√
σǫ = 2πK ǫ is given by
E = −2π
κ
LK, r|R − 2πK(R)ǫ0, (3.16)
while the mass related to the timelike Killing vector ξµ = ( ∂
∂t
)µ = δµt , M(
∂
∂ t
) =
− ∫
B
dx
√
σ(ǫ uµ + jµ)ξ
µ amounts to
M(∂/∂t) = −2π
κ
NLK, r|R − π
κ
L
N
K3WW, r|R − 2πNK|Rǫ0. (3.17)
Finally the total momentum J( ∂
∂ φ
) =
∫
B
dx
√
σjµζ
µ associated to the Killing vector ζµ =
( ∂
∂ φ
)µ = δµφ , is given by
J(∂/∂φ) =
∫ 2π
0
dφ jφK =
π
κ
L
N
K3W, r|R, jφ = 1
2π
J(R)
K(R)
. (3.18)
Incidentally, other representations of the mass and momentum density are:
M(∂/∂t) = N(R)E(R)−W (R)J(R). (3.19)
The extrinsic curvature Θµν = −γαµ∇αnν = −nν;αγαµ of the surface boundary
2
B reduces to
Θµν = −L(KW 2K, r +K2WW, r −NN, r)δtµδtν
−LK(2WK, r +KW, r)δt(µδφν) − LKK, rδφµδφν , (3.20)
with trace Θ equals to
Θ = − L
NK
(KN, r +NK, r), (3.21)
9which, used in the definition of the boundary momentum
πµν = − 1
2κ
√
− det γAB(Θ γµν −Θµν),
taking into account that det γAB = −K2N2, gives
πµν = − L
2κN
K, rδ
µ
t δ
ν
t +
L
2κN
(2WK, r +KW, r)δ
(µ
t δ
ν)
φ
+
L
2κN K
(NN, r −W 2KK, r −K2WW, r)δµφδνφ. (3.22)
This tensor is used in the construction of the stress tensor
sαβ =
2√
σN
σαµ π
µνσβν − s0αβ. (3.23)
IV. BAN˜ADOS–TEITELBOIM–ZANELLI BLACK HOLE SOLUTION
To get an insight of how efficiently the definitions of energy and momentum densities work
for spacetimes with non–flat asymptotic at spatial infinity let us consider the asymptotically
anti–de Sitter (2+ 1)–dimensional stationary black hole solution–the BTZ–metric– which is
given by
ds2 = −N(ρ)2dt2 + 1
L(ρ)2
dρ2 + ρ2[dφ+W (ρ)dt]2,
N2(ρ) = L2(ρ) = −M + ρ
2
l2
+
J2
4 ρ2
, K(ρ) = ρ, W (ρ) = − J
2 ρ2
. (4.1)
For the choice
uµ = −Nδtµ, uµ =
1
N
δµt −
W
N
δµφ , nµ =
1
L
δρµ, n
µ = Lδµρ , (4.2)
one has
ds2|Σ,t=const. = L−2 dρ2 + ρ2 dφ2 = hijdxi dxj,
ds2| 2
B,ρ=R=const.
= −N2 dt2 +R2(dφ+Wdt)2 = γABdxA dxB,
ds2|B,t=const.,ρ=R=const. = R2 dφ2 = σıdxı dx. (4.3)
In what follows κ is choosing as κ = π. The surface tensors amount to
P µν = − 1
4π
J
ρ2
(δµρ δ
µ
φ + δ
µ
φδ
µ
ρ ), (4.4)
jµ = − 1
4π
J2
ρ3
δtµ +
1
2π
J
ρ
δφµ, (4.5)
k = −1
ρ
√
−M + ρ
2
l2
+
J2
4 ρ2
. (4.6)
10
A. Energy, mass and momentum for the BTZ black hole
The corresponding surface energy and momentum densities are given by
ǫ(R, ǫ0) = − 1
π R
√
−M + R
2
l2
+
J2
4R2
− ǫ0,
jφ(R) =
1
2π
J
R
. (4.7)
Consequently the total momentum, energy, and mass are
J(∂/∂φ) = J,
E(R, ǫ0) = −2
√
−M + R
2
l2
+
J2
4R2
− 2 π ǫ0,
M(∂/∂t) = N(R)E(R, ǫ0) +
J2
2R2
= 2M − 2R
2
l2
− 2 π ǫ0
√
−M + R
2
l2
+
J2
4R2
. (4.8)
These expressions for surface densities and global quantities are in full agreement with the
corresponding ones reported in Ref. [11], section IV.
Notice that the energy and mass independent of ǫ0 behave at infinity R, which will be
denoted from now on by the same coordinate Greek letter ρ accompanied by →∞ and the
approximation ≈ sign , as
ǫ(ρ→∞, ǫ0 = 0) ≈ − 1
π l
+
l M
2π ρ2
,
E(ρ→∞, ǫ0 = 0) ≈ −2ρ
l
+
l M
ρ
,
M(ρ→∞, ǫ0 = 0) ≈ 2M − 2ρ
2
l2
. (4.9)
Although the expression of M(ρ, ǫ0 = 0) holds in the whole spacetime and not only in the
boundary at spatial infinity, the approximation ≈ sign is used instead of the = equal to be
consistent with the point under consideration.
The reference energy density to be used in this work is the one corresponding to the
anti–de Sitter metric with parameter M0, ǫ0(M0) = − 1πρ
√
ρ2
l2
−M0, ǫ0|∞(M0) ≈ − 1π l + lM02π ρ2 ,
then the expansions of the physical characteristics at spatial infinity, ρ→∞, are given as
ǫ(ρ→∞, ǫ0|∞(M0)) ≈ l
2π ρ2
(M −M0),
E(ρ→∞, ǫ0|∞(M0)) ≈ l (M −M0)
ρ
,
M(ρ→∞, ǫ0|∞(M0)) ≈ M −M0. (4.10)
Another reference energy density ǫ0 of common use is the one corresponding to the proper
anti–de Sitter space with M0 = −1, namely ǫ0 = − 1πρ
√
1 + ρ
2
l2
, ǫAdS|∞ ≈ − 1π l − l2π ρ2 , then
11
the expansions of the functions (IV) at spatial infinity, ρ→∞, are given as
ǫ(ρ→∞, ǫAdS|∞) ≈ l
2π ρ2
(1 +M),
E(ρ→∞, ǫAdS|∞) ≈ l (1 +M)
ρ
,
M(ρ→∞, ǫAdS|∞) ≈ 1 +M. (4.11)
These results, concerning approximations of energies and masses at spatial infinity for
the BTZ solution, Eq. (4.9), Eq. (4.10), and Eq. (4.11), will be used for comparison with
the corresponding expressions related to other solutions to be treated in what follows.
In the forthcoming sections, in some cases, the order in the approximations could appear
high compared with the order needed but the adopted expansions will be done to establish
to what extend the solutions are comparable or similar at spatial infinity.
B. Mass, energy and momentum of the BTZ solution counterpart
As it has been pointed by Peldan [13], the sentence after Eq.(84), one should be not able
to integrate the magnetic branch of solutions if the Schwarzschild gauge, i.e. gφφ = ρ
2, were
been adopted. For a ρ–gauge different of the Schwarzschild one, as the reference metric it is
more adequate to consider the stationary or static BTZ solution counterpart and its mass,
energy, and momentum characteristics at spatial infinity. In the representation
g = −ρ2
(
dt+
J
2ρ2
dφ
)2
+
dρ2
f(ρ)
+ f(ρ)dφ2
= −ρ2 f(ρ)
ρ2/l2 +M
dt2 +
dρ2
f(ρ)
+ (ρ2/l2 +M)[dφ− J0
2(ρ2/l2 +M)
dt]2,
f(ρ) =
ρ2
l2
+M +
J2
4ρ2
, (4.12)
of the BTZ metric the coordinate φ loses its interpretation of circular angular coordinate;
the same fact takes place in the case of magnetic solutions to be studied below.
It becomes apparent that this metric form is just another real cut of the metric (4.1) when
subjecting it to the complex transformations t→ i φ and φ→ i t.
Moreover, by accomplishing in the above metric the transformation of the radial coordinate
t→ t/l, ρ→ l
√
ρ2/l2 −M, φ→ l φ (4.13)
one gets the standard BTZ metric (4.1).
As far as to the energy-momentum characteristics are concerned, for the second form of the
metric (4.12), one has
jφ(ρ) =
J
2 π l2
√
ρ2/ l2 +M
, j(ρ→∞) ≈ J
2 π lρ
,
Jφ(ρ) =
J
l2
, J(ρ→∞) ≈ J
l2
, (4.14a)
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ǫ(ρ, ǫ0) = − ρ
l2π
√
f(ρ,M, J)
ρ2/ l2 +M
− ǫ0,
ǫ(ρ→∞, 0) ≈ − 1
πl
+
l
2π
M
ρ2
,
ǫ(ρ→∞, ǫ0|∞(M0)) ≈ l
2π
M −M0
ρ2
, (4.14b)
E(ρ, ǫ0) = − 2
l2
ρ
√
f(ρ,M, J)√
ρ2/ l2 +M
− 2π ǫ0
√
ρ2/ l2 +M,
E(ρ→∞, 0) ≈ −2 ρ
l2
,
E(ρ→∞, ǫ0|∞(M0)) ≈ 1
ρ
(M −M0), (4.14c)
M(ρ, ǫ0) = − 2
l2
ρ2 − 2π ρ ǫ0
√
f(ρ,M, J),
M(ρ, 0) = −2ρ
2
l2
,
M(ρ→∞, ǫ0|∞(M0)) ≈M −M0, (4.14d)
f(ρ,M, J) =
ρ2
l2
+M +
J2
4ρ2
,
ǫ0(ρ, M0) = − ρ
π l2
√
ρ2/ l2 +M0
,
ǫ0|∞(M0) ≈ − 1
π l
+
l M0
2π ρ2
. (4.14e)
It is clear that the BTZ solution counterpart, for J = 0, gives rise to the AdS metric in
a slightly modified representation–which one may call “the AdS metric counterpart”. The
evaluated energy and mass can be considered as the reference energy and mass at spatial
infinity for magnetic solutions. The point is that for this class of magnet–static solutions or
stationary solutions generated from them via SL(2, R) there is no room for a Schwarzschild
radial ρ coordinate such that gφφ = ρ
2.
C. Symmetries of the stationary and static cyclic symmetric BTZ solutions
Although it is known that the BTZ solution possesses two Killing vectors–the timelike
symmetry along the time coordinate and the spacelike symmetry along the orbits of the
periodic angular variable–in my opinion, some comments on this respect can be added to
clarify how the number of six Killing vectors solutions for the BTZ metric structure reduces
to the quoted two. In this framework, the six symmetries of the anti–de Sitter space with
parameter M0, AdS(M0), are derived; the AdS(M0) allowing for time + polar coordinates
possesses a timelike and one 2π–periodic circular symmetries. For the anti–de Sitter space
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with parameter M0 = −1, denoted simply by AdS, there are six symmetries: time, circular,
and four boots symmetries.
The study of the symmetries of the stationary and static cyclic symmetric BTZ families
and AdS classes of solutions starts with the stationary metric for the standard BTZ solution
g = −F (r)2 d t2 + dr
2
F (r)2
+ r2
[
dφ− J
2 r2
d t
]2
, F (r)2 =
r2
l2
−M + J
2
4 r2
.
(4.15)
The covariant Killing vectors are derived in Appendix B, the contravariant vectors’ com-
ponents ki
µ, ∂ki = ki
µ ∂
∂xµ
= CiV
µ
i , i = 1, ...6 are given below. The reason to include the
integration constants in the definitions of the Killing vectors ki
µ is related with the domain
of definition of the spatial coordinates; in the case of the existence of a periodic coordi-
nate some Killing vectors vanish, which can be easily achieved by setting certain structural
constant equal to zero. Explicitly these Killing vectors are:
C1, ∂k1 ; k1
µ = C1exp
(√
Ml − J
l3/2
(lφ + t)
) [
1
4
Jl − 2 r2√
Ml − J
1
r F (r)
1
l3/2
,
1
2
F (r)
l
,
−1
4
Jl + 2 r2 − 2Ml2√
Ml − J
1
l5/2
1
r F (r)
]
,
(4.16a)
C2, ∂k2; k2
µ = C2exp
(√
J +Ml (lφ− t)
l3/2
) [
1
4
l J + 2 r2√
J +Ml
1
l3/2
1
r F (r)
,
1
2
F (r)
l
,
1
4
(l J + 2Ml2 − 2 r2)√
J +Ml
1
l5/2
1
r F (r)
]
,
(4.16b)
C3, ∂k3 ; k3
µ = C3exp
(
−
√
J +Ml
l3/2
(lφ− t)
) [
−1
4
l J + 2 r2√
J +Ml
1
l3/2
1
r F (r)
,
1
2
F (r)
l
,
−1
4
(l J + 2Ml2 − 2 r2)√
J +Ml
1
l5/2
1
r F (r)
]
,
(4.16c)
C4, ∂k4; k4
µ = C4exp
(
−
√
M l − J (lφ + t)
l3/2
) [
−1
4
J l − 2 r2√
M l − J
1
l3/2
1
r F (r)
,
1
2
F (r)
l
,
1
4
J l + 2 r2 − 2Ml2√
M l − J
1
l5/2
1
r F (r)
]
,
(4.16d)
∂k5; k5
µ = C5 [0, 0, 1/2], (4.16e)
∂k6; k6
µ = C6 [−2, 0, 0]. (4.16f)
14
For completeness, the list of the independent commutators is given
∂[k6∂k1] = −2C6
√
Ml − J
l3/2
∂k1 , ∂[k6∂k3] = −2C6
√
Ml + J
l3/2
∂k3 ,
∂[k6∂k4] = 2C6
√
Ml − J
l3/2
∂k4 , ∂[k6∂k2] = 2C6
√
Ml + J
l3/2
∂k2 , (4.17a)
∂[k5∂k1] = C5
1
2
√
Ml − J
l1/2
∂k1 , ∂[k5∂k3] = −C5
1
2
√
Ml + J
l1/2
∂k3 ,
∂[k5∂k4] = −C5
1
2
√
Ml − J
l1/2
∂k4 , ∂[k5∂k2] = C5
1
2
√
Ml + J
l1/2
∂k2 , (4.17b)
∂[k1∂k4] = −
1
2
C1C4
C6
1
l5/2
√
Ml − J ∂k6 + 2
C1C4
C5
1
l7/2
√
Ml − J ∂k5 , (4.17c)
∂[k3∂k2] = −
1
2
C3C2
C6
1
l5/2
√
Ml + J
∂k6 − 2
C3C2
C5
1
l7/2
√
Ml + J
∂k5 , (4.17d)
All anti–de Sitter metrics for coordinates {t, ρ, φ}–merely names–ranging −∞ ≤ t ≤ ∞,
−∞ ≤ ρ ≤ ∞, −∞ ≤ φ ≤ ∞ allows for six symmetries, i.e., six Killing vectors. All these
spaces in these coordinates are maximally symmetric spaces.
Another is the situation if the spatial coordinates are constrained to range
0 ≤ ρ ≤ ∞, 0 ≤ φ ≤ 2π,
in such case ρ and φ are polar coordinates with φ being the angular coordinate with period
2π. Since the expressions of four of the Killing vector fields depending on φ the do not
exhibit the angular symmetry in 2π, invariance under the change φ → φ + 2π, therefore
there is no room for the corresponding symmetries and the integration constants associated
with those vectors ought to be zero. Consequently the metric with positive M allowing for
polar angular coordinate, and only that, possesses only two Killing vectors ∂t and ∂φ (two
symmetries: the time translation and the 2π–periodic angular rotation). This spacetime is
known as the stationary BTZ black hole. On this respect see also [12].
A similar situation takes place in the case of the static anti–de Sitter metric. By setting
the rotation parameter equal to zero, J = 0, the above–expressions (4.17) give the Killing
vectors for the static anti–de Sitter space–time. Again, in the case of the coordinates re-
stricted to ranges 0 ≤ ρ ≤ ∞, 0 ≤ φ ≤ 2π, the static anti–de Sitter metric allows only for
two Killing vectors: ∂t, ∂φ, i.e., the time translation and the 2π–periodic angular rotation,
otherwise, when there are six constants, the space is maximally symmetric.
D. Symmetries of the anti–de Sitter metric for negative M , M = −α2
If M is negative, one equates it to −α2. Moreover, it results better to use trigonometric
sine and cosine functions instead of complex exponential functions. Thus, one can give the
15
Killing vector components as
∂k1 ; k1
µ = C1 [
r
lα
√
α2l2 + r2
sin (αφ) cos
(
α t
l
)
,
√
α2l2 + r2
l2
sin (αφ) sin
(
α t
l
)
,
√
α2l2 + r2
l2α r
cos (αφ) sin
(
α t
l
)
] (4.18a)
∂k2; k2
µ = C2 [− r
lα
√
α2l2 + r2
sin (α φ) sin
(
α t
l
)
,
√
α2l2 + r2
l2
sin (αφ) cos
(
α t
l
)
,
√
α2l2 + r2
l2α r
cos (αφ) cos
(
α t
l
)
] (4.18b)
∂k3; k3
µ = C3 [
r
lα
√
α2l2 + r2
cos (αφ) cos
(
α t
l
)
,
√
α2l2 + r2
l2
cos (α φ) sin
(
α t
l
)
,
−
√
α2l2 + r2
l2α r
sin (α φ) sin
(
α t
l
)
] (4.18c)
∂k4; k4
µ = C4 [− r
lα
√
α2l2 + r2
cos (α φ) sin
(
α t
l
)
,
√
α2l2 + r2
l2
cos (α φ) cos
(
α t
l
)
,
−
√
α2l2 + r2
l2α r
sin (αφ) cos
(
α t
l
)
] (4.18d)
∂k5; k5
µ = C5 (0, 0, 1) (4.18e)
∂k6; k6
µ = C6 (− l2, 0, 0). (4.18f)
For completeness, the commutators are given explicitly as
∂[k6∂k1] = α
C6C1
C3
∂k3 , ∂[k6∂k2] = α
C6C2
C4
∂k4 ,
∂[k6∂k3] = −α
C6C3
C1
∂k1 , ∂[k6∂k4] = −α
C6C4
C2
∂k2 , (4.19a)
∂[k5∂k1] = −l α
C5C1
C2
∂k2 , ∂[k5∂k2] = l α
C5C2
C1
∂k1 ,
∂[k5∂k3] = −l α
C5C3
C4
∂k4 , ∂[k5∂k4] = l α
C5C4
C3
∂k3 , (4.19b)
∂[k4∂k3] = −
1
α l5
C4C3
C5
∂k5 , ∂[k4∂k2] =
1
α l4
C4C2
C6
∂k6 , (4.19c)
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∂[k3∂k1] =
1
α l4
C3C1
C6
∂k6 , ∂[k2∂k1] =
1
α l5
C2C1
C5
∂k5 . (4.19d)
This anti–de Sitter metric, (cosmological constant negative–λ = −1/l2), for the coordinates
{t, ρ, φ}–merely names–ranging −∞ ≤ t ≤ ∞, −∞ ≤ ρ ≤ ∞; −∞ ≤ φ ≤ ∞ allows for six
symmetries, i.e., six Killing vectors. For these coordinate ranges the space is maximally
symmetric.
Moreover, if the spatial coordinates are restricted to range
0 ≤ ρ ≤ ∞, 0 ≤ φ ≤ 2π,
and α is equated to unity, α = 1 = −M , then in such case ρ and φ become polar coordinates
with φ being the angular coordinate with period 2π. This spacetime–the (proper) anti–
de Sitter space (with M = −1)–allows for six symmetries, and as such it is maximally
symmetric.
V. PELDAN ELECTROSTATIC SOLUTION
It seems that static Einstein–Maxwell solutions with cosmological constant were first
derived in the Peldan’s work [13]; in that publication Peldan mentioned his failure in find-
ing any work done on explicit solutions to Einstein–Maxwell solutions with cosmological
constant, although there was pointed the existence of static and rotation symmetric solu-
tions with vanishing cosmological constant, namely the Deser–Mazur [14], and Melvin [15]
solutions.
The electrostatic Peldan solution, see also [5] Eq. (4.15), is given by the metric
ds2 = −N(ρ)2dt2 + 1
L(ρ)2
dρ2 +K(ρ)2[dφ+W (ρ)dt]2,
L(ρ) = N(ρ) =
√
ρ2
l2
− 2b2 ln ρ−M, K(ρ) = ρ, W (ρ) = 0. (5.1)
A. Mass, energy and momentum for the electrostatic Peldan solution
The surface energy density ǫ occurs to be
ǫ(ρ, ǫ0) = − 1
πρ
N(ρ)− ǫ0. (5.2)
Consequently the global energy and mass are given by
E(ρ, ǫ0) = −2N(ρ)− 2π ρ ǫ0,
M(ρ, ǫ0) = −2ρ
2
l2
+ 2m+ 4b2 ln ρ− 2πρN(ρ)ǫ0. (5.3)
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Thus, for the natural choice of a vanishing reference energy density ǫ0 = 0, one has at the
spatial infinity ρ→∞ that
ǫ(ρ→∞, ǫ0 = 0) ≈ − 1
π l
+
l M
2π ρ2
+
l b2
π ρ2
ln ρ,
E(ρ→∞, ǫ0 = 0) ≈ −2ρ
l
+
M l
ρ
+ 2
l b2
ρ
ln ρ,
M(ρ→∞, ǫ0 = 0) ≈ −2ρ
2
l2
+ 2M + 4b2 ln ρ, (5.4)
while if the reference energy is the one corresponding to the anti–de Sitter spacetime
AdS(M0), ǫ0 = − 1π ρ
√
ρ2
l2
−M0, ǫ0|∞(M0) ≈ − 1π l + lM02π ρ2 , then the energies and mass at
spatial infinity are expressed as
ǫ(ρ→∞, ǫ0|∞(M0)) ≈ l M −M0
2π ρ2
+
l b2
π ρ2
ln ρ,
E(ρ→∞, ǫ0|∞(M0)) ≈ lM −M0
ρ
+ 2
lb2
ρ
ln ρ,
M(ρ→∞, ǫ0|∞(M0)) ≈ M −M0 + 2 b2 ln ρ. (5.5)
Comparing with the static BTZ one recognize M as the BTZ M . Notice that the energy
and mass include an amount of energy due to the electric field through the logarithmical
term; because of this dependence, these quantities diverge at infinity logarithmically.
B. Field, energy–momentum, and Cotton tensors for the electrostatic Peldan
solution
The electromagnetic tensor field associated with the Peldan solution is given by
(F αβ) =


0 b
L2 ρ
0
b L2
ρ
0 0
0 0 0

 , (5.6)
Searching for its eigenvectors, one arrives at
λ1 = 0;V1 = [V
1 = 0,V2 = 0, V 3 = V 3], VµV
µ = ρ2V 3
2
, V1 = S1,
λ2 =
b
ρ
;V2 = [V 1 =
V 2
L2
, V 2 = V 2, V 3 = 0], V µVµ = 0, V2 = N2,
λ3 = − b
ρ
;V3 = [V 1 = −V
2
L2
, V 2 = V 2, V 3 = 0], V µVµ = 0, V3 = N3,
Type :{S,N,N}. (5.7)
thus its type is
Type :{S,N,N}
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As far as to the electromagnetic energy momentum tensor is concerned, its matrix amounts
to
(T αβ) =


−1
8
b2
π ρ2
0 0
0 −1
8
b2
π ρ2
0
0 0 1
8
b2
π ρ2

 , (5.8)
with the following eigenvalues and their corresponding eigenvectors
λ1 = − 1
8π
b2
ρ2
;V1 = [V 1, V 2, 0], V 1µ = V
1gµt + V
2gµρ, V 1
µV 1µ = (V
1)2gt t + (V
2)2gρρ,
V1 = {T1,S1,N1},
λ2 = − 1
8π
b2
ρ2
;V2 = [V˜ 1, V˜ 2, 0], V 2µ = V˜
1gµt + V˜
2gµρ, V 2
µV 2µ = (V˜
1)2gt t + (V˜
2)2gρρ,
V2 = {T2,S2,N2},
λ3 =
1
8π
b2
ρ2
;V3 = [0, 0, V 3], Vµ = V
3gµφ, V
µVµ = (V
3)2gφφ,
V˜3 = S3. (5.9)
For V1 and V2, the character of these vectors depends on the sing of their magnitudes; for
instance, choosing
V 1 = s
√
gρ ρ/
√
|gt t|V 2, s = constant, V1µV1µ = (1− s2)gρ ρ (V 2)2;
s > 1→ V1 = T, s = ±1 → V1 = N, s < 1→ V1 = S.
The space–like vector V3 is aligned along the circular Killing direction ∂φ. Thus one may
have the space–time arraignment {T1,S2,S3}, or {N1,N2,S3}, and so on.
The Cotton tensor for electrostatic cyclic symmetric gravitational field is given by
(Cαβ) =


0 0 b
2
2ρ2
0 0 0
−1
2
b2(l2M+ρ2−2 b2l2 ln(ρ))
l2ρ4
0 0

 =


0 0 b
2
2ρ2
0 0 0
− b2
2ρ4
L2 0 0

 . (5.10)
The search for its eigenvectors yields
λ1 = 0;V1 = [0, V
2, 0], V 1µ = V
2gρρδ
ρ
µ, V 1
µV 1µ = (V
2)2gρρ, V1 = S1,
λ2 =
i
2
L b2
ρ3
;V2 = [V 1, 0, V 3 =
i L
ρ
V 1], V 2µ = V
1gµt + V
3gµφ, V2 = Z,
λ3 = − i
2
L b2
ρ3
;V3 = [V 1, 0, V 3 = −i L
ρ
V 1], V 3µ = V
1gµt + V
3gµφ, V3 = Z¯, (5.11)
therefore the corresponding tensor type is
Type :{S, Z, Z¯}.
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The eigenvectors V2 and V3 are complex conjugated, or, if one wishes, one may consider
the component V 1 different for each of the complex vectors. For the zero eigenvalue λ1, the
vector V1 is a spacelike vector, it points along the ρ–coordinate direction.
It is worthwhile to point out that the field and Cotton tensors of the solutions gene-
rated via coordinate transformations, in particular SL(2, R) transformations, applied onto
this electrostatic cyclic symmetric Peldan solution will shear the eigenvalues λi of the cor-
responding field and Cotton tensors of the Peldan solution; recall that eigenvalues are in-
variant characteristics of tensors, although the components of the eigenvectors, in general,
look different in different coordinate systems–this remark also applies to the (eigenvalues)
eigenvectors of the seed and resulting solutions.
C. Field, energy–momentum, and Cotton tensors for a modified electrostatic
Peldan solution
The solution to be studied is a slight modification of the Peldan electrostatic solution
used in the previous paragraph, namely the one with metric
ds2 = − L
2 ρ2
ρ2 +Mg
dt2 +
1
L2
dρ2 + (ρ2 +Mg)dφ2,
L2 :=
[K0 + ρ2 +Mg − b2l2 ln (ρ2 +Mg)] (ρ2 +Mg)
l2ρ2
,
(5.12)
and electromagnetic Maxwell field tensor
(F αβ) =


0 b
L2 ρ
0
bρL2
ρ2+Mg
0 0
0 0 0

 . (5.13)
Searching for its eigenvectors, one arrives at
λ1 = 0;V1 = [V
1 = 0, V 2 = 0, V 3 = V 3], VµV
µ =
(
ρ2 +Mg
)
V 3
2
, V1 = S1,
λ2 =
b√
ρ2 +Mg
;V2 = [V 1 =
V 2
√
ρ2 +Mg
L2 ρ
, V 2 = V 2, V 3 = 0],
V µVµ = 0, V2 = N2,
λ3 = − b√
ρ2 +Mg
;V3 = [V 1 = −V
2
√
ρ2 +Mg
L2 ρ
, V 2 = V 2, V 3 = 0],
V µVµ = 0, V3 = N3, (5.14)
thus its type is
{S,N,N}.
For the energy–momentum tensor
(T αβ) =


−1
8
b2
(ρ2+Mg)π
0 0
0 −1
8
b2
(ρ2+Mg)π
0
0 0 1
8
b2
(ρ2+Mg)π

 , (5.15)
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one has the following set of eigenvectors
λ1,2 = −1
8
b2
(ρ2 +Mg) π
;V1, 2 = [V 1 = V 1, V 2 = V 2, V 3 = 0],
VµV
µ = − ρ
2L2
ρ2 +Mg
V 1
2
+
1
L2
V 2
2
V1 = T1, N1, S1, V2 = T2,N2, S2,
λ3 =
1
8
b2
(ρ2 +Mg) π
;V3 = [V 1 = 0, V 2 = 0, V 3 = V 3],
VµV
µ = V 3
2(
ρ2 +Mg
)
,V3 = S3, (5.16)
hence its type present several possibilities
Type :{2T, S}, {2N, S}, {2S, S}.
The Cotton tensor
(Cαβ) =


0 0 1
2
b2
ρ2+Mg
0 0 0
−1
2
b2L2 ρ2
(ρ2+Mg)3
0 0

 , (5.17)
allows for the eigenvectors
λ1 = 0;V1 = [V
1 = 0, V 2 = V 2, V 3 = 0], VµV
µ = V 2
2
/L2 , V1 = S1,
λ2 =
1
2
√−L2 b2ρ
(ρ2 +Mg)2
;
V2 = [V 1 = V 1, V 2 = 0, V 3 =
√−L2ρ V 1
ρ2 +Mg
],V2 = Z,
λ3 = −1
2
√−L2 b2ρ
(ρ2 +Mg)2
;
V3 = [V 1 = V 1, V 2 = 0, V 3 = −
√−L2ρ V 1
ρ2 +Mg
],V3 = Z¯, (5.18)
hence the type of this Cotton tensor is
Type : {S, Z, Z¯}.
D. Field, energy–momentum, and Cotton tensors for the generalized–via SL(2, R)
transformations–Peldan solution
Many solutions in 2+1 gravity are generated via SL(2, R) transformations of the form
t = αT + β Φ, αδ − βγ = 1,
φ = γ T + δΦ, (5.19)
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applied, in this particular case, onto the seed electrostatic solution (5.12) and (5.13), yielding
to the stationary metric
g =


−α2L2 ρ2+γ2(ρ2+Mg)2
ρ2+Mg
0
−αβ L2 ρ2+γ δ (ρ2+Mg)2
ρ2+Mg
0 1/L2 0
−αβ L2 ρ2+γ δ (ρ2+Mg)2
ρ2+Mg
0
−β2L2 ρ2+δ2(ρ2+Mg)2
ρ2+Mg

 ,
L2 :=
[K0 + ρ2 +Mg − b2l2 ln (ρ2 +Mg)] (ρ2 +Mg)
l2ρ2
, (5.20)
accompanied by the electromagnetic field tensor
(F αβ) =


0 δ b
L2 ρ
0
αL2 bρ
ρ2+Mg
0 β L
2 bρ
ρ2+Mg
0 − bγ
L2 ρ
0

 , (5.21)
with eigenvalues
λ1 = 0;V1 = [V
1 = −β
α
V 3, V 2 = 0, V 3 = V 3], VµV
µ = (ρ2 +Mg)V 3
2
V1 = S1,
λ2 =
b√
ρ2 +Mg
;
V2 = [V 1 = V 1, V 2 =
L2 ρ V 1
δ
√
ρ2 +Mg
, V 3 = −γ
δ
V 1], V µVµ = 0, V2 = N2,
λ3 = − b√
ρ2 +Mg
;
V3 = [V 1 = V 1, V 2 = − L
2 ρ V 1
δ
√
ρ2 +Mg
, V 3 = −γ
δ
V 1], V µVµ = 0, V3 = N3 (5.22)
{S,N,N},
The evaluation of the electromagnetic energy–momentum tensor brings
(T αβ) =


− b2
8π
(α δ+β γ)
(ρ2+Mg)
0 − b2
4π
β δ
(ρ2+Mg)
0 − b2
8 π
1
(ρ2+Mg)
0
b2
4π
αγ
(ρ2+Mg)
0 b
2
8π
(α δ+β γ)
(ρ2+Mg)

 (5.23)
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characterized by the following eigenvectors
λ1,2 = − 1
8π
b2
ρ2 +Mg
;
V1, 2 = [V 1 = V 1, V 2 = V 2, V 3 = −γ
δ
V 1], V µVµ = −V
12
δ2
ρ2L2
(ρ2 +Mg)
+
V 2
2
L2
,
V1 = T1, N1, S1, V2 = T2,N2, S2,
λ3 =
1
8π
b2
ρ2 +Mg
;
V3 = [V 1 = −β
α
V 3, V 2 = 0, V 3 = V 3], VµV
µ =
V 3
2
α2
(
ρ2 +Mg
)
, V3 = S3, (5.24)
thus its type could be, among other variants:
{2T, S}, {2N, S}, {2S, S}.
The transformed Cotton tensor is given by
(Cαβ) =


1
2
b2αβ L2 ρ2
(ρ2+Mg)3
+ 1
2
b2γ δ
(ρ2+Mg)
0 1
2
b2β2 L2 ρ2
(ρ2+Mg)3
+ 1
2
b2δ2
(ρ2+Mg)
0 0 0
−1
2
b2α2 L2 ρ2
(ρ2+Mg)3
− 1
2
b2γ2
(ρ2+Mg)
0 −1
2
b2αβ L2 ρ2
(ρ2+Mg)3
− 1
2
b2γ δ
(ρ2+Mg)

 , (5.25)
λ1 = 0;V1 = [V
1 = 0, V 2 = V 2, V 3 = 0], VµV
µ = V 2
2
/L2 , V1 = S1,
λ2 = i
1
2
Lb2ρ
(ρ2 +Mg)2
;
V2 = [V 1 = −
V 3
(
β2L2 ρ2 + δ2 (ρ2 +Mg)
2
)
γ δ (ρ2 +Mg)2 + αβ L2 ρ2 − iLρ(ρ2 +Mg) , V
2 = 0, V 3 = V 3],
V2 = Z,
λ3 = −i1
2
Lb2ρ
(ρ2 +Mg)2
;
V3 = [V 1 = −
V 3
(
β2L2 ρ2 + δ2 (ρ2 +Mg)
2
)
γ δ (ρ2 +Mg)2 + αβ L2 ρ2 + iLρ (ρ2 +Mg)
, V 2 = 0, V 3 = V 3].
V3 = Z¯. (5.26)
The type of this generalized Cotton tensor is
{S, Z, Z¯}.
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VI. MARTINEZ–TEITELBOIM–ZANELLI SOLUTION
Martinez–Teitelboim–Zanelli solution [16] is defined by the metric
ds2 = −N(ρ)2dt2 + 1
L(ρ)2
dρ2 +K(ρ)2[dφ+W (ρ)dt]2,
H(ρ) := ρ2 +
l2 ω2
l2 − ω2 (M +
Q2
4
ln ρ2),
L(ρ) =
√
ρ2
l2
−M − Q
2
4
ln ρ2,
K(ρ) =
√
H(ρ), N(ρ) = ρ
L(ρ)√
H(ρ)
,
W (ρ) = − ω l
2
l2 − ω2
1
H(ρ)
(M +
Q2
4
ln ρ2). (6.1)
This solution can be also derived from the rotating–under SL(2, R) transformations–Peldan
solution (5.20) with
α =
1√
1− ω2
l2
, β = − ω√
1− ω2
l2
, γ = − ω
l2
√
1− ω2
l2
, δ =
1√
1− ω2
l2
, (6.2)
see also [5] Eq. (11.33).
A. Mass, energy and momentum for the MTZ solution
The evaluation of the surface energy and momentum densities yield
ǫ(ρ, ǫ0) = − 1
2π
L
K2
(
2ρ+
l2 ω2
l2 − ω2
Q2
2ρ
)
− ǫ0,
j(ρ) =
ρ
π
l2ω
l2 − ω2
L
N K2
(
M +
1
2
Q2 ln ρ− Q
2
4
)
, (6.3)
while the integral quantities can be evaluated from the generic expressions
J(ρ) = 2 πK(ρ) j(ρ),
E(ρ) = 2 πK(ρ) ǫ(ρ),
M(ρ) = N(ρ)E(ρ)−W (ρ) J(ρ). (6.4)
The evaluation of the corresponding functions with ǫ0 = 0 behave at infinity according
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to
ǫ(ρ→∞, ǫ0 = 0) ≈ − 1
π l
+
[2M (l2 + ω2)− ω2Q2]
4 π(l2 − ω2)ρ2 +
l Q2
4 πρ2
l2 + ω2
l2 − ω2 ln ρ,
j(ρ→∞) ≈ ω l
2
4πρ
4M −Q2
l2 − ω2 +
ωQ2 l2
2πρ(l2 − ω2) ln ρ,
J(ρ→∞) ≈ ω l
2
2
4M −Q2
l2 − ω2 +
ωQ2 l2
l2 − ω2 ln ρ
= J(MTZ [16],Eq.82)(ω → ω/l) + ωQ
2 l2
l2 − ω2 ln ρ,
E(ρ→∞, ǫ0 = 0) ≈ −2ρ
l
+
l
2ρ
2Ml2 − ω2Q2
l2 − ω2 +
l3Q2
2ρ(l2 − ω2) ln ρ,
M(ρ→∞, ǫ0 = 0) ≈ −2ρ
2
l2
+
4Ml2 − ω2Q2
2(l2 − ω2) +
l2Q2
l2 − ω2 ln ρ. (6.5)
Using in the expressions (6.3) and (6.4) as reference energy density the quantity ǫ0 =
− 1
πρ
√
−M0 + ρ2l2 , which at the spatial infinity behaves as ǫ0|∞(M0) ≈ − 1π l + lM02π ρ2 , the series
expansions of the corresponding quantities at ρ = infinity result in
ǫ(ρ→∞, ǫ0|∞(M0)) ≈ l
2π ρ2
(M −M0) + l ω
2
4 π(l2 − ω2)ρ2 (4M −Q
2) +
l Q2
4 πρ2
l2 + ω2
l2 − ω2 ln ρ,
E(ρ→∞, ǫ0|∞(M0)) ≈ l
ρ
(M −M0) + lω
2
2ρ (l2 − ω2)(4M −Q
2) +
l Q2
2 ρ
l2 + ω2
l2 − ω2 ln ρ,
M(ρ→∞, ǫ0|∞(M0)) ≈ M −M0 + ω
2
2(l2 − ω2)(4M −Q
2) +
Q2
2
l2 + ω2
l2 − ω2 ln ρ
= −M0 +M(MTZ [16],Eq.81)(ω → ω/l) + Q
2
2
l2 + ω2
l2 − ω2 ln ρ. (6.6)
Notice that the charges Q used above differs from Q(MTZ [16],Eq.83),
Q(MTZ [16],Eq.83) =
l√
l2 − ω2Q (6.7)
Therefore, comparing with the energy characteristics of the BTZ solution, one concludes that
the parameter M can be considered as the BTZ mass, and the energy and mass functions
logarithmically diverges at spatial infinity.
B. Field, energy–momentum, and Cotton tensors for the MTZ solution
The Maxwell field tensor for this MTZ solution is given by
(F αβ) =


0 1
2
Ql
ρ
√
l2−ω2L2 0
1
2
QlL2
ρ
√
l2−ω2 0 −12
ω lL2 Q
ρ
√
l2−ω2
0 1
2
ωQ
lρ
√
l2−ω2L2 0

 ,
L2 =
ρ2
l2
−m− 1
4
Q2 ln
(
ρ2
)
, (6.8)
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while its eigenvalues and the corresponding eigenvectors amount to
λ1 = 0;V1 = [V
1 = V 3 ω, V 2 = 0, V 3 = V 3],
VµV
µ =
l2 − ω2
l2
ρ2V 3
2
, V1 = S1,
λ2 = −1
2
Q
ρ
;V2 = [V 1 = V 1, V 2 =
V 1
√
l2 − ω2
l
L2 , V 3 = V 1
ω
l2
],
VµV
µ = 0,V2 = N2
λ3 =
1
2
Q
ρ
;V3 = [V 1 = V 1, V 2 = −V
1
√
l2 − ω2
l
L2 , V 3 = V 1
ω
l2
],
VµV
µ = 0,V3 = N3,
Type : {S,N,N} (6.9)
The energy–momentum tensor
(T αβ) =


− 1
32π
Q2(l2+ω2)
ρ2 (l2−ω2) 0
1
16π
l2ωQ2
ρ2 (l2−ω2)
0 − 1
32π
Q2
ρ2
0
− 1
16π
ωQ2
ρ2 (l2−ω2) 0
1
32π
Q2(l2+ω2)
ρ2 (l2−ω2)

 , (6.10)
possesses the following eigenvalues and eigenvectors
λ1 =
1
32π
Q2
ρ2
;V1 = [V 1 = V 3 ω, V 2 = 0, V 3 = V 3],
VµV
µ =
V 3
2
ρ2 (l2 − ω2)
l2
, V1 = S1,
λ2,3 = − 1
32π
Q2
ρ2
;V2 = [V 1 =
l2V 3
ω
, V 2 = V 2, V 3 = V 3],
VµV
µ = − l
2 (l2 − ω2) V 32
ω2
L2 +
V 2
2
L2
,
V2 = {T2, N2,S2}, V3 = {T3, N3, S3},
Type : {S, 2N} (6.11)
Type :{S, 2N}
For the Cotton tensor
(Cαβ) =


−1
8
(ρ2+l2L2)ωQ2
ρ4(l2−ω2) 0
1
8
(ρ2+ω2L2)l2Q2
ρ4(l2−ω2)
0 0 0
−1
8
(ω2ρ2+l4L2)Q2
ρ4l2(l2−ω2) 0
1
8
(ρ2+l2L2)ωQ2
ρ4(l2−ω2)

 , (6.12)
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the eigenvalues and the corresponding eigenvectors are
λ1 = 0;V1 = [V
1 = 0, V 2 = V 2, V 3 = 0], VµV
µ =
V 2
2
L2
V1 = S1,
λ2 =
1
8
Q2
√−L2
ρ3
;V2 = [V 1 = V 1, V 2 = 0, V 3 =
V 1
(
ω ρ+
√−L2 l2)
l2
(
ρ+
√−L2ω) ], V2 = Z,
λ3 = −1
8
Q2
√−L2
ρ3
;V3 = [V 1 = V 1, V 2 = 0, V 3 =
V 1
(
ω ρ−√−L2 l2)
l2
(
ρ−√−L2ω) ], V3 = Z¯,
Type : {S, Z, Z¯}. (6.13)
VII. CLEMENT SPINNING SOLUTION
Clement rotating charged solution [17] is defined by the metric functions
ds2 = −N(ρ)2dt2 + 1
L(ρ)2
dρ2 +K(ρ)2[dφ+W (ρ)dt]2,
H(ρ) := ρ2 + 4π Gω2Q2 ln (
ρ2
ρ20
),
F (ρ) :=
ρ2
l2
− 4πG (l
2 − ω2)Q2
l2
ln (
ρ2
ρ20
),
L(ρ) =
√
F (ρ), K(ρ) =
√
H(ρ), N(ρ) = ρ
√
F (ρ)
H(ρ)
,
W (ρ) = −ω4πGQ
2
H(ρ)
ln (
ρ2
ρ20
), (7.1)
see also [5] Eq. (11.24).
A. Mass, energy and momentum for the Clement spinning solution
The evaluation of the surface energy and momentum densities yield
ǫ(ρ, ǫ0) = − 1
πρ
√
F (ρ)
H(ρ)
(
ρ2 + 4π Gω2Q2
)− ǫ0,
j(ρ) = −4GωQ2ρ[1− ln (ρ
2
ρ20
)]
1√
H(ρ)
, (7.2)
while the integral quantities can be evaluated from the generic expressions
J(ρ) = 2 πK(ρ) j(ρ), E(ρ) = 2 πK(ρ) ǫ(ρ), M(ρ) = N(ρ)E(ρ)−W (ρ) J(ρ).
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In this manner one arrives at
J(ρ) = −8π GωQ2(1− ln (ρ
2
ρ20
)),
E(ρ, ǫ0) = −2 L
ρK
(
ρ2 + 4π Gω2Q2
)− 2 πK(ρ) ǫ0,
M(ρ, ǫ0) = −2ρ
2
l2
− 8πGω
2Q2
l2
+ 8π GQ2 ln (
ρ2
ρ20
)− 2 πK(ρ)N(ρ) ǫ0. (7.3)
The evaluation of the corresponding functions for the base energy ǫ0 = 0 yield at spatial
infinity ρ→∞
j(ρ→∞) ≈ −4GωQ
2
ρ
+ 8
GωQ2
ρ
ln (
ρ
ρ0
),
J(ρ→∞) ≈ −8π GωQ2(1− 2 ln ( ρ
ρ0
)),
ǫ(ρ→∞, ǫ0 = 0) ≈ − 1
π l
− 4Gω
2Q2
lρ2
+ 4
GQ2
lρ2
(l2 + ω2) ln (
ρ
ρ0
),
E(ρ→∞, ǫ0 = 0) ≈ −2ρ
l
− 8π Gω
2Q2
lρ
+ 8
π GQ2l
ρ
ln (
ρ
ρ0
),
M(ρ→∞, ǫ0 = 0) ≈ −2ρ
2
l2
− 8π Gω
2Q2
l2
+ 16πGQ2 ln (
ρ
ρ0
). (7.4)
Using in the expressions (7.2) and (7.3) as the reference energy density the quantity ǫ0 =
− 1
πρ
√
−M0 + ρ2l2 , which at the spatial infinity behaves as ǫ0|∞(M0) ≈ − 1π l + lM02π ρ2 , the series
expansions of the corresponding quantities at ρ→∞ result in
ǫ(ρ→∞, ǫ0|∞(M0)) ≈ − l M0
2π ρ2
− 4Gω
2Q2
lρ2
+ 4
GQ2
lρ2
(l2 + ω2) ln (
ρ
ρ0
),
E(ρ→∞, ǫ0|∞(M0)) ≈ − l M0
ρ
− 8πGω
2Q2
lρ
+ 8
πGQ2
lρ
(l2 + ω2) ln (
ρ
ρ0
),
M(ρ→∞, ǫ0|∞(M0)) ≈ −M0 − 8π Gω
2Q2
l2
+ 8πGQ2
l2 + ω2
l2
ln (
ρ
ρ0
). (7.5)
Comparing with the energy characteristics of the BTZ solution, one concludes that a mass
parameter M similar to the BTZ mass is absent, instead a term in the mass function due
to the product of the rotation ω and the charge Q is present. Notice that E(ρ) and M(ρ)
logarithmically diverges at spatial infinity. The momentum parameter is due to the product
of ωQ, and hence is not a free parameter.
B. Cotton tensor for the Clement spinning solution
The Cotton characterization of this solution is given by
Cotton =


1
8
ω (F (ρ)l2+ρ2)
ρ (l2−ω2)
d3
dρ3
F (ρ) 0 −1
8
(F (ρ)ω2+ρ2)l2
ρ (l2−ω2)
d3
dρ3
F (ρ)
0 0 0
1
8
(F (ρ)l4+ω2ρ2)
l2ρ (l2−ω2)
d3
dρ3
F (ρ) 0 −1
8
ω (F (ρ)l2+ρ2)
ρ (l2−ω2)
d3
dρ3
F (ρ)

 , (7.6)
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where
F (ρ) =
ρ2
l2
+ 4Q2π gr ln
(
ρ20
)− 4Q2π gr ln (ρ2), d3
dρ3
F (ρ) = −16 Q
2π gr
ρ3
(7.7)
λ1 = 0;
V1 = [V 1 = 0, V 2 = V 2, V 3 = 0], VµV
µ = V 2
2
, V1 = S1,
λ2 = 2
√−F (ρ)Q2π gr
ρ3
;
V2 = [V 1 = V 1, V 2 = 0, V 3 =
V 1
(
ω ρ+
√−F (ρ)l2)
l2
(
ρ+
√−F (ρ)ω) ], V2 = Z,
λ3 = −2
√−F (ρ)Q2π gr
ρ3
;
V3 = [V 1 = V 1, V 2 = 0, V 3 =
V 1
(
ω ρ−√−F (ρ)l2)
l2
(
ρ−√−F (ρ)ω) ], V3 = Z¯. (7.8)
VIII. GARCIA SOLUTION
The Garcia solution [5] Eq. (10.9), is defined by the metric functions
ds2 = −N(ρ)2dt2 + 1
L(ρ)2
dρ2 +K(ρ)2[dφ+W (ρ)dt]2,
H(ρ) :=
Hn
Hd
;
Hn = 4 ρ
2 (ρ2 −M l2)(M2 l2 − J2)− J2Q4 l6R2− (ln | Z(ρ) |)2
−2Q2 l3
√
M2 l2 − J2 [M J2 l2 − 2 ρ2R−
√
M2 l2 − J2] ln | Z(ρ) |,
Hd = 4 (M
2 l2 − J2)(ρ2 −M l2)− 2 l3Q2R2−
√
M2 l2 − J2 ln | Z(ρ) |,
L(ρ)2 =
ρ2
l2
−M + J
2
4 ρ2
+
l Q2
2 ρ2
(2ρ2R− − l J2) ln | Z(ρ) |,
K(ρ)2 = H(ρ),
N(ρ)2 = ρ2
L(ρ)2
H(ρ)
,
W (ρ)Hn = J Q
4 l5R3− (ln | Z(ρ) |)2 +Q2 l2 J
√
M2 l2 − J2 [J2 l + 2 l R2− − 2ρ2R−] ln | Z(ρ) |
−2 J (M2 l2 − J2)(ρ2 −M l2),
Z(ρ) := ρ2 − l
2
(M l −
√
M2 l2 − J2) = ρ2 − l R−
2
,
R± := M l ±
√
M2 l2 − J2, (8.1)
with electromagnetic vector potential
A := −
√
l Q√
2
ln | ρ |
4
√
l2M2 − J2
(
R−dt− J
l
dφ
)
, (8.2)
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therefore the non–vanishing covariant components of the electromagnetic field tensor Fµν
are
Ftρ =
√
l Q√
2
R−
4
√
l2M2 − J2
1
ρ
, Fφρ =
Q√
2
J√
l
1
4
√
l2M2 − J2
1
ρ
. (8.3)
Notice that the above gravitational–electromagnetic field, as it was pointed previously
out, when the electromagnetic field is switched off, Q = 0, becomes the rotating BTZ
solution, while for vanishing rotation, J = 0, the corresponding solution is represented by
the static BTZ metric, i.e., the AdS metric with M–parameter.
A. Mass, energy and momentum for the Garcia black hole
The evaluation of the surface energy density at spatial infinity ρ→∞ for ǫ0 = 0 yields
ǫ(ρ→∞, ǫ0 = 0) ≈ − 1
π l
+
l M
2πρ2
− l
2 J2Q2
2πρ2
√
M2l2 − J2 +
l3Q2M
π ρ2
√
M2l2 − J2 R− ln (ρ),
(8.4)
while the momentum quantities amount to
j(ρ→∞) ≈ J
2π ρ
− l
2 JQ2
2πρ
√
M2l2 − J2 R− +
l2JQ2
π ρ
√
M2l2 − J2 R− ln (ρ)
J(ρ→∞) ≈ J − l
2 JQ2√
M2l2 − J2 R− +
2 l2JQ2√
M2l2 − J2 R− ln (ρ).
(8.5)
The integral energy and mass characteristic at spatial infinity can be evaluated from the
generic expressions E(ρ) = 2 πK ǫ(ρ), M(ρ) = N E(ρ)−W J(ρ).
The evaluation of the corresponding functions with ǫ0 = 0 behave at infinity as ρ → ∞
according to
E(ρ→∞, ǫ0 = 0) ≈ −2ρ
l
+
l M
ρ
− l
2 J2Q2
ρ
√
M2l2 − J2 +
l2Q2
ρ
√
M2l2 − J2 R
2
− ln (ρ),
M(ρ→∞, ǫ0 = 0) ≈ −2ρ
2
l2
+ 2M − l J
2Q2√
M2l2 − J2 +
2 l Q2√
M2l2 − J2 R
2
− ln (ρ).
(8.6)
The series expansions of the expressions of the energy and mass evaluated for the reference
energy density ǫ0 = − 1πρ
√
−M0 + ρ2l2 , which at the spatial infinity behaves as ǫ0|∞(M0) ≈
− 1
π l
+ lM0
2π ρ2
, at ρ→∞ occur to be
ǫ(ρ→∞, ǫ0|∞(M0)) ≈ l
2πρ2
(M −M0)− l
2 J2Q2
2πρ2
√
M2l2 − J2 +
l3Q2M R−
π ρ2
√
M2l2 − J2 ln (ρ),
E(ρ→∞, ǫ0|∞(M0)) ≈ l(M −M0)
ρ
− l
2 J2Q2
ρ
√
M2l2 − J2 +
2 l3Q2M
ρ
√
M2l2 − J2 R− ln (ρ),
M(ρ→∞, ǫ0|∞(M0)) ≈ M −M0 − l J
2Q2√
M2l2 − J2 +
2 l2M Q2√
M2l2 − J2 R− ln (ρ). (8.7)
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For vanishing electromagnetic field charge Q, which gives rise to the rotating BTZ
black hole, the mass, and the energy–momentum quantities become just the mass–energy–
momentum characteristics of the BTZ solution Eqs. (4.7)–(4.10), hence one concludes that
the parameters M and J are related with the mass and momentum respectively. Moreover
in the electromagnetic case, the momentum, mass, energy functions logarithmically diverges
at spatial infinity.
B. Field, energy–momentum, and Cotton tensors for the Garcia solution
To determine the eigenvector structure of the Garcia solution it is more convenient to use
another of its representation in the coordinates {τ, r, σ}, namely
g =


−F/H +H2 0 HW
0 1/F 0
HW 0 H

 , (8.8)
where the metric functions are
F (r) = 4
r2
l2
+ 2
r
l
(
lw1 +
√
l2w1 2 − 4
)
(w0 +W0 ln (r)),
H(r) = −w0 −W0 ln (r) + r
l
√
l2w1 2 − 4,
W (r) =
(w0 +W0 ln (r) + w1 r)(−w0 −W0 ln (r) + rl√l2w1 2 − 4 ) ,
W0 = − l
2α2
2
(
l2w1
2 − 2− lw1
√
l2w1 2 − 4
)
= − l
2α2
4
(
lw1 −
√
l2w1 2 − 4
)2
. (8.9)
To achieve the metric structure studied in the previous paragraph, one subject the above
metric to the coordinate transformation
τ =
1√
2 Jl
(J t− l2M φ)
4
√
l2M2 − J2 , r = −ρ
2 +
l2M
2
+
l
2
√
l2M2 − J2, σ =
√
l√
2
√
J
4
√
l2M2 − J2 φ,
together with
w0 = −
√
l2M2 − J2
J
R−, w1 = 2
M
J
, W0 = − l
2α2
J2
R2−, R− =
(
lM −
√
l2M2 − J2
)
.
followed by the change of the charge α→ J1/2Q.
In these coordinates, the Maxwell electromagnetic field tensor is given by
(F αβ) =


0 α/F 0
α [F −H2W (W − 1)] /H 0 −Hα (W − 1)
0 −α/F 0

 , (8.10)
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and it is characterized by the following set of eigenvectors
λ1 = 0;V1 = [V
1 =
H2 (W − 1)
F −H2W (W − 1)V
3, 0, V 3],
VµV
µ =
HF
(
F −H2 (W − 1)2)
[F −H2W (W − 1)]2 V
32, V1 = T1, S1,
λ2 =
√
F −H2(W − 1)2√
HF
α;
V2 = [V 1 =
αV 2
λ2 F (r)
, V 2, V 3 = −α V
2
λ2 F
], V µVµ = 0, V2 = N2,Z,
λ3 = −
√
F −H2(W − 1)2√
HF
α;
V3 = [V 1 =
α V 2
λ3 F
, V 2, V 3 = −αV
2
λ3 F
], V µVµ = 0, V3 = N3, Z¯. (8.11)
For the Maxwell energy–momentum tensor
(T αβ) =


− 1
8π
α2[F−H2(W 2−1)]
F H
0 1
4π
Hα2(W−1)
F
0 − 1
8π
α2[F−H2(W−1)2]
F H
0
1
4π
α2[F−H2W (W−1)]
F H
0 1
8π
α2[F−H2(W−1)(W+1)]
F H

 , (8.12)
one has the following eigenvalues and eigenvectors
λ1,2 = − 1
8π
α2
[
F −H2 (W − 1)2]
F H
;V1, 2 = [V 1 = −V 3, V 2 = V 2, V 3 = V 3],
VµV
µ =
V 2
2
F
− V
32[F −H2 (W − 1)2]
H
, V1 = T1, S1,V2 = T2, S2,
λ3 =
1
8π
α2
[
F −H2 (W − 1)2]
F H
;V3 = [V 1 =
H2V 3 (W − 1)
F −H2W (W − 1) , V
2 = 0, V 3 = V 3],
VµV
µ = −V
32HF
[
F −H2 (W − 1)2]
[F −H2W (W − 1)]2 ,V3 = T3, S3 (8.13)
Finally, the Cotton tensor
(Cαβ) =


C11 0 C
1
3
0 C22 0
C31 0 −C11 − C22

 , (8.14)
C11 = − 1
32 π
HWα2 (W − 1)2 (HF,r − FH,r)
F 2
+
1
32 π
α2 (W − 1)F,r
F
− 1
32 π
α2 (3W − 2)H,r
H
− 1
16 π
α2W,r, (8.15)
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C13 = − 1
32 π
α2H (W − 1)2 (H F,r − F H,r)
F 2
− 1
32 π
α2H,r
H
, (8.16)
C22 = − 1
16 π
α2 (W − 1) (F,rH − 2FH,r)
F H
+
1
16 π
α2
(
H2 (W − 1)2 + F )W,r
F
, (8.17)
C31 =
1
32 π
α2 (W − 1) (−F (1 +W ) +W 2H2 (W − 1))F,r
F 2
− 1
32 π
(F +H2W 2)α2
(−F +H2 (W − 1)2)H,r
H3F
,
− 1
16 π
Wα2
(−F +H2 (W − 1)2)W,r
F
, (8.18)
C33 =
1
32 π
H2Wα2 (W − 1)2 F,r
F 2
− 1
32 π
α2
(
H2W (W − 1)2 + F (W − 2))H,r
F H
− 1
16 π
α2H2 (W − 1)2W,r
F
, (8.19)
possesses, in general, three different eigenvalues, with the possibility of complex conjugated
roots, namely
λ1 = C
2
2,
λ2 = −1/2C22 + 1/2
√
(C11 + C22)2 + 4C13C31,
λ3 = −1/2C22 − 1/2
√
(C11 + C22)2 + 4C13C31]. (8.20)
The set of eigenvector equations reduces to
V 1 (C11 − λ) + C13 V 3 = 0,(
C22 − λ
)
V 2 = 0,
C31 V
1 − V 3(C11 + C22 + λ) = 0. (8.21)
with solutions
λ1 = C
2
2;V1 = [V
1 = 0, V 2 = V 2, V 3 = 0], VµV
µ = V 2
2
/F, V1 = S1,
λ2 = −1/2C22 + 1/2
√
(C11 + C22)2 + 4C13C31;
V2 = [V 1 = − C
1
3 V
3
C11 − λ2 , V
2 = 0, V 3 = V 3],
V µVµ =
H2 (C11 −WC13)2 +H2λ2 (λ2 − 2C11 + 2WC13)− (C13)2F
(C11 − λ2)2H
V 3
2
,
V2 = S2,N2,Z,
λ3 = −1/2C22 − 1/2
√
(C11 + C22)2 + 4C13C31;
V2 = [V 1 = − C
1
3 V
3
C11 − λ3 , V
2 = 0, V 3 = V 3],
V µVµ =
H2 (C11 −WC13)2 +H2λ3 (λ3 − 2C11 + 2WC13)− (C13)2F
(C11 − λ3)2H
V 3
2
,
V3 = S3,N3, Z¯, (8.22)
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IX. SPINNING ELECTRO–MAGNETIC SOLUTION
By accomplishing in [5] (9.13), the coordinate transformations
t→ C1/2 t+ j0φ, φ→ φ, r → ρ2 +Mp − C0,
one arrives at a stationary electromagnetic solution
ds2 = −N(ρ)2dt2 + 1
L(ρ)2
dρ2 +K(ρ)2[dφ+W (ρ)dt]2,
h(ρ) :=
ρ2
l2
+
Mp −M l2
l2
− b2 ln (ρ2 +Mp),
H(ρ) := ρ2 +Mp − j20 h(ρ),
L(ρ) =
1
ρ
√
(ρ2 +Mp)h(ρ),
K(ρ) =
√
H(ρ),
N(ρ) =
√
ρ2 +Mp
√
h(ρ)
H(ρ)
,
W (ρ) = −j0 h(ρ)
H(ρ)
, (9.1)
To establish the angular deficit of this metric at the neighborhood of the rotation point
ρ = 0 one looks at the behavior of gφφ = H(ρ) as ρ→ 0, which gives rise to the series
Mp −
(
Mp
l2
−M − b2 ln (Mp)
)
j0
2 +
(
1− 1
l2
j0
2 +
b2
Mp
j0
2
)
ρ2 + ...,
since the order zero in ρ has to vanish, then one gets the condition
Mp −
(
Mp
l2
−M − b2 ln (Mp)
)
j0
2 = 0, (9.2)
which solved for Mp yields
Mp = exp[−M
b2
− LambertW ( l
2 − j20
j20b
2l2
exp(−M
b2
))] (9.3)
Using (9.2) one brings H to the form
K(ρ)2 = H(ρ) = b2j0
2 ln
(
1 +
ρ2
Mp
)
+
ρ2
(
l2 − j02
)
l2
,
which behaves at ρ → 0 as it should be as: H(ρ → 0) =
(
1− 1
l2
j0
2 + b
2
Mp
j0
2
)
ρ2 + O (ρ4) .
On the other hand L(ρ)2 is given explicitly by
L(ρ)2 =
(
ρ2 +Mp
) [ρ2
l2
+
Mp
j0
2 − b2 ln
(
ρ2 +Mp
Mp
)]
ρ−2.
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and ρ→ 0 behaves as a polynomial in ρ. Thus the factor 1 − 1
l2
j0
2 + b
2
Mp
j0
2 determines the
deficit in the angle φ, 0 ≤ φ ≤ 2π/
√
1− 1
l2
j0
2 + b
2
Mp
j0
2, ∆φ = 2π(1−1/
√
1− 1
l2
j0
2 + b
2
Mp
j0
2).
Moreover this solution allows for the existence of a black hole; the vanishing of the
function h(ρ) determines the horizons
ρ2± = −Mp − b2l2LambertW
(
−Mp
b2l2
)
. (9.4)
This metric can be considered as a modified Clement rotating electro–magnetic solu-
tion [18] (Cl.24).
A. Mass, energy and momentum for the spinning electro–magnetic black hole
The evaluation of the surface energy and momentum densities yield
ǫ(ρ) = − 1
π l2
√
h(ρ)
H(ρ)
[(l2 − j20)(ρ2 +Mp) + j20b2]
(ρ2 +Mp)
− ǫ0,
j(ρ) = −j0
π
1√
H(ρ)
[M − b2 + b2 ln (ρ2 +Mp)], (9.5)
while the integral quantities can be evaluated from the generic expressions
J(ρ) = 2 πK(ρ) j(ρ) = −2j0 [M − b2 + b2 ln (ρ2 +Mp)],
E(ρ) = 2 πK(ρ) ǫ(ρ),
M(ρ) = N(ρ)E(ρ)−W (ρ) J(ρ) = −2ρ
2
l2
+ 2M − 2
l2
Mp + 2b
2ln (ρ2 +Mp)− 2πNKǫ0.
(9.6)
The momentum–energy functions, evaluated for ǫ0 = 0, behave at spatial infinity ρ → ∞
according to
j(ρ→∞) ≈ − j0l
π ρ
√
l2 − j20
[M − b2 + 2b2 ln ρ],
J(ρ→∞) ≈ −2j0 [M − b2 + 2b2 ln ρ],
ǫ(ρ→∞, ǫ0 = 0) ≈ − 1
π l
+
b2 l
π ρ2
l2 + j20
l2 − j20
ln (ρ) +
M l
2πρ2
l2 + j20
l2 − j20
− j
2
0
π ρ2
b2 l
l2 − j20
,
E(ρ→∞, ǫ0 = 0) ≈ −2ρ
l2
√
l2 − j20 +
Ml2
ρ
√
l2 − j20
+ 2
b2l2
ρ
√
l2 − j20
ln (ρ)
−
√
l2 − j20
l2ρ
Mp − 2 b
2j20
ρ
√
l2 − j20
,
M(ρ→∞, ǫ0 = 0) ≈ −2ρ
2
l2
+ 2M − 2
l2
Mp + 4b
2ln (ρ). (9.7)
Using in the expressions (9.5) and (9.6) as reference energy density the quantity ǫ0 =
− 1
πρ
√
−M0 + ρ2l2 , which at the spatial infinity behaves as ǫ0|∞(M0) ≈ − 1π l + lM02π ρ2 , their
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series expansions at ρ→∞ result in
ǫ(ρ→∞, ǫ0|∞(M0)) ≈ − lM0
2πρ2
+
b2 l
π ρ2
l2 + j20
l2 − j20
ln (ρ) +
Ml
2πρ2
l2 + j20
l2 − j20
− j
2
0
π ρ2
b2 l
l2 − j20
,
E(ρ→∞, ǫ0|∞(M0)) ≈ −M0
ρ
√
l2 − j20 +
M
ρ
l2 + j20√
l2 − j20
− 2 b
2j20
ρ
√
l2 −−M+2
+2b2
l2 + j20
ρ
√
l2 − j20
ln (ρ),
M(ρ→∞, ǫ0|∞(M0)) ≈ M −M0 + 2b2ln (ρ). (9.8)
Therefore, comparing with the energy characteristics of the BTZ solution, one concludes
that the mass parameter is equal to M . The momentum parameter is proportional to
j0. The contribution of the charge b in the mass–energy–momentum functions at infinity
is through logarithmical terms and hence they diverges at spatial infinity. For vanishing
rotation parameter j0 one arrives at the expressions of the mass–energy–momentum functions
of the Peldan electrostatic solution, Section VA.
X. KAMATA-KOIKAWA SOLUTION
The Kamata–Koikawa solution [19], see also [5] Eq. (7.7), is defined by the metric and
the structural functions
ds2 = −N(ρ)2dt2 + 1
L(ρ)2
dρ2 +K(ρ)2[dφ+W (ρ)dt]2,
L(ρ) =
√
Λ
ρ
(ρ2 − ρ20),
√
Λ = 1/l,
K(ρ) =
√
ρ2 +
Q2
Λ
ln (
ρ2
ρ20
− 1),
N(ρ) = ρL/K =
√
Λ(ρ2 − ρ20)/
√
ρ2 +
Q2
Λ
ln (
ρ2
ρ20
− 1),
W (ρ) =
(ρ2 − ρ20)
√
Λ
[ρ2 + Q
2
Λ
ln (ρ
2
ρ20
− 1)] −
√
Λ. (10.1)
A. Mass, energy and momentum for the KK solution
The surface energy and momentum densities are respectively given by
ǫ(ρ, ǫ0) = − 1
π
√
Λ
Q2 − Λρ20 + Λρ2
[ρ2 + Q
2
Λ
ln (ρ
2
ρ20
− 1)] − ǫ0,
j(ρ) =
1
π
√
Λ
Λρ20 −Q2 +Q2 ln (ρ
2
ρ20
− 1)√
ρ2 + Q
2
Λ
ln (ρ
2
ρ20
− 1)
, (10.2)
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while the integral quantities amount to
J(ρ) = 2
Λρ20 −Q2√
Λ
+ 2
Q2√
Λ
ln (
ρ2
ρ20
− 1),
E(ρ, ǫ0) = − 2√
Λ
Q2 − Λρ20 + Λρ2√
ρ2 + Q
2
Λ
ln (ρ
2
ρ20
− 1)
− 2πKǫ0,
M(ρ, ǫ0) = −2Λ ρ2 + 2(2Λρ20 −Q2) + 2Q2 ln (
ρ2
ρ20
− 1)− 2π
√
Λ (ρ2 − ρ20)ǫ0. (10.3)
The evaluation of the functions above for vanishing ǫ0, i.e. ǫ0 = 0, behave at ρ → ∞
according to
ǫ(ρ→∞, ǫ0 = 0) ≈ −
√
Λ
π
+
Λρ20 −Q2
π
√
Λ ρ2
+ 2
Q2
π
√
Λ ρ2
ln (
ρ
ρ0
),
j(ρ→∞) ≈ Λρ
2
0 −Q2
π
√
Λ ρ
+ 2
Q2
π
√
Λ ρ
ln (
ρ
ρ0
),
J(ρ→∞) ≈ 2Λρ
2
0 −Q2√
Λ
+ 4
Q2√
Λ
ln (
ρ
ρ0
),
E(ρ→∞, ǫ0 = 0) ≈ −2
√
Λρ+ 2
Λρ20 −Q2√
Λ ρ
+ 2
Q2√
Λ ρ
ln (
ρ
ρ0
),
M(ρ→∞, ǫ0 = 0) ≈ −2Λ ρ2 + 2(2Λρ20 −Q2) + 4Q2 ln (
ρ
ρ0
). (10.4)
Using in the expressions (10.3) as reference energy density the quantity ǫ0 =
− 1
πρ
√
−M0 + ρ2l2 , which at the spatial infinity behaves as ǫ0|∞(M0) ≈ − 1π l + lM02π ρ2 =
−
√
Λ
π
+ M0
2π
√
Λ ρ2
, the series expansions of the corresponding quantities at ρ → ∞ result
in
ǫ(ρ→∞, ǫ0|∞(M0)) ≈ − M0
2π
√
Λ ρ2
+
Λρ20 −Q2
π
√
Λ ρ2
+ 2
Q2
π
√
Λ ρ2
ln (
ρ
ρ0
),
E(ρ→∞, ǫ0|∞(M0)) ≈ − M0√
Λ ρ
+ 2
Λρ20 −Q2√
Λ ρ
+ 4
Q2√
Λ ρ
ln (
ρ
ρ0
),
M(ρ→∞, ǫ0|∞(M0)) ≈ −M0 + 2(Λρ20 −Q2) + 4Q2 ln (
ρ
ρ0
). (10.5)
Therefore, comparing with the energy characteristics of the BTZ solution, one arrives to the
conclusion that there is no a mass parameter of the kind M present in the BTZ solution.
All characteristic functions logarithmically diverges at spatial infinity.
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B. Field, energy–momentum and Cotton tensors for the Kamata-Koikawa solution
The electromagnetic field tensor
(F αβ) ==


0 − Qρ q
Λ(ρ2−ρ02)2 0
qQΛ(ρ2−ρ02)
ρ
0 − qQ
√
Λ(ρ2−ρ02)
ρ
0 − Qρ q√
Λ(ρ2−ρ02)2 0

 , (10.6)
allows for a triple zero eigenvalue and the following set of eigenvectors
λ1,2,3 = 0; V = (V
1, V 2, V 3 =
√
ΛV 1), V µ Vµ = 0, V = N,
Type : {3S}. (10.7)
The electromagnetic energy momentum tensor with vanishing invariants occurs to be
(T αβ) =
1
4 π
Q2√
Λ (ρ2 − ρ02)


−√Λ 0 −Λ
0 0 0
1 0
√
Λ

 , (10.8)
while the Cotton tensor for this electromagnetic–gravitational stationary cyclic symmetric
field is given by
(Cαβ) =
Q2
(ρ2 − ρ02)


−√Λ 0 1
0 0 0
−Λ 0 √Λ

 . (10.9)
It is clear that both the Cotton and Maxwell tensors possess the same eigenvalues, namely
the triple zero eigenvalue λ = 0. Searching for the eigenvectors of these tensors, one arrives
at
λ1,2,3 = 0; V = (V
1, V 2, V 3 =
√
ΛV 1), V µ Vµ =
(V 2)2ρ2
Λ (ρ− ρ0)2
, V = S, V(V 2 = 0) = N,
Type : {3S}, {2S,N}, {S, 2N}, {3N}. (10.10)
The eigenvectors are spacelike or null vectors depending on the non-vanishing or vanishing
value of the component V 2 . One may consider them different one to another, having
different V 1 and V 2 components. The most degenerate case are {3S} and {S, 2N}.
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C. Proper Kamata-Koikawa solution, ρ0 = ±Q/
√
Λ
The proper Kamata–Koikawa solution is defined by the metric and structural functions
of (10.1) for Λρ20 −Q2 = 0, i.e., ρ0 = ±Q/
√
Λ, namely
ds2 = −N(ρ)2dt2 + 1
L(ρ)2
dρ2 +K(ρ)2[dφ+W (ρ)dt]2,
L(ρ) =
√
Λ
ρ
(ρ2 − ρ20),
K(ρ) =
√
ρ2 +
Q2
Λ
ln (
ρ2
ρ20
− 1),
N(ρ) = ρL/K =
√
Λ(ρ2 − ρ20)/
√
ρ2 +
Q2
Λ
ln (
ρ2
ρ20
− 1),
W (ρ) =
(ρ2 − ρ20)
√
Λ
[ρ2 + Q
2
Λ
ln (ρ
2
ρ20
− 1)] −
√
Λ, (10.11)
The surface energy and momentum densities are respectively given by
ǫ(ρ, ǫ0) = −
√
Λ
π
ρ2
[ρ2 + Q
2
Λ
ln (ρ
2
ρ20
− 1)] ,
j(ρ) =
1
π
√
Λ
Q2 ln (ρ
2
ρ20
− 1)√
ρ2 + Q
2
Λ
ln (ρ
2
ρ20
− 1)
, (10.12)
while the integral quantities amount to
J(ρ) = 2
Q2√
Λ
ln (
ρ2
ρ20
− 1),
E(ρ, ǫ0) = −2
√
Λ
ρ2√
ρ2 + Q
2
Λ
ln (ρ
2
ρ20
− 1)
− 2πKǫ0,
M(ρ, ǫ0) = −2Λ ρ2 + 2Λρ20 + 2Q2 ln (
ρ2
ρ20
− 1)− 2π
√
Λ (ρ20 − ρ20)ǫ0. (10.13)
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The evaluation of the functions above for vanishing ǫ0, i.e. ǫ0 = 0, behave at spatial infinity
according to
ǫ(ρ→∞, ǫ0 = 0) ≈ −
√
Λ
π
+ 2
Q2
π
√
Λ ρ2
ln (
ρ
ρ0
),
j(ρ→∞) ≈ 2 Q
2
π
√
Λ ρ
ln (
ρ
ρ0
),
J(ρ→∞) ≈ 4 Q
2
√
Λ
ln (
ρ
ρ0
),
E(ρ→∞, ǫ0 = 0) ≈ −2
√
Λρ+ 2
Q2√
Λ ρ
ln (
ρ
ρ0
),
M(ρ→∞, ǫ0 = 0) ≈ −2Λ ρ2 + 2Λρ20 + 4Q2 ln (
ρ
ρ0
). (10.14)
Using in the expressions (10.13) as reference energy density the quantity ǫ0 =
− 1
πρ
√
−M0 + ρ2l2 , which at the spatial infinity behaves as ǫ0|∞(M0) ≈ −
√
Λ
π
+ M0
2π
√
Λ ρ2
, the
series expansions of the corresponding quantities at ρ = infinity result in
ǫ(ρ→∞, ǫ0|∞(M0)) ≈ − M0
2π
√
Λ ρ2
+ 2
Q2
π
√
Λ ρ2
ln (
ρ
ρ0
),
E(ρ→∞, ǫ0|∞(M0)) ≈ − M0√
Λ ρ
+ 4
Q2√
Λ ρ
ln (
ρ
ρ0
),
M(ρ→∞, ǫ0|∞(M0)) ≈ −M0 + 4Q2 ln ( ρ
ρ0
). (10.15)
In the work by Chan [20] there are some comments addressed to the evaluation of the
global momentum, energy and mass of the proper Kamata–Koikawa solution: the exact and
the approximated expressions of the momentum J coincide with the corresponding ones given
in ([20] Eq.9) and ([20] Eq.7). Moreover, the mass M at spatial infinity, (10.14), coincides
with the M ([20] Eq.10.) for a zero background energy density with the correct extra term
−2Λ ρ2. From my point of view, it is recommendable to accomplish series expansions of
the quantities under consideration to determine how fast they approach to zero or diverge
at spatial infinity. From this perspective, the evaluation of the energy density ǫ and the
global energy E yield to quantities different from zero at spatial infinity, although they both
approach faster to zero as ρ→∞ than the momentum and mass.
Comparing with the energy characteristics of the BTZ solution, one concludes that the
mass, energy and momentum functions logarithmically diverge at spatial infinity.
XI. PELDAN MAGNETOSTATIC SOLUTION
The magnetostatic solution [13], see also [5] (4.30), with a negative cosmological constant
is determined by the metric functions
ds2 = −N(ρ)2dt2 + 1
L(ρ)2
dρ2 +K(ρ)2[dφ+W (ρ)dt]2,
L(ρ) = K(ρ) =
√
ρ2
l2
+ 2 a2 ln ρ+m, N(ρ) = ρ, W (ρ) = 0. (11.1)
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Notice that the metric functions L2 and K2 are positive functions for values of ρ > ρroot,
where
ρroot = exp[− m
2 a2
− 1
2
LambertW(
1
l2 a2
e−
m
a2 )], LW(x) exp(LW(x)) = x,
where for short LW := LambertW, ρroot is solution of the equation g
ρ ρ(ρroot) = L
2(ρroot) = 0,
or explicitly,
ρ2root/l
2 + 2 a2 ln ρroot +m = 0.
Therefore the coordinate ρ does not cover the expected range 0 ≤ ρ ≤ ∞. For ρ ≤ ρroot
the metric suffers an unacceptable signature change. This fact also points out on the non-
existence of a horizon ρ = const for the Peldan solution. Consequently, one has to modify
the choice of the ρ coordinate in order to be able to rich the origin of coordinates; with this
purpose in mind a new coordinate system is chosen in the forthcoming paragraph (XIC),
see also (XID).
A. Mass, energy and momentum for the Peldan solution
The surface energy density ǫ is given by
ǫ(ρ) = − 1
πK
(
ρ
l2
+
a2
ρ
)ǫ0. (11.2)
Consequently the global energy and mass are given by
E(ρ, ǫ0) = −2 ρ
l2
− 2a
2
ρ
− 2πK ǫ0,
M(ρ, ǫ0) = −2ρ
2
l2
− 2a2 − 2π ρK ǫ0. (11.3)
For the natural choice of a vanishing reference energy density ǫ0 = 0, one has at the spatial
infinity ρ→∞ that
ǫ(ρ→∞, ǫ0 = 0) ≈ − 1
π l
+ l
m− 2a2
2π ρ2
+
l a2
π ρ2
ln ρ,
E(ρ→∞, ǫ0 = 0) = −2 ρ
l2
− 2a
2
ρ
,
M(ρ→∞, ǫ0 = 0) = −2ρ
2
l2
− 2a2, (11.4)
while if the reference energy is the one corresponding to the anti–de Sitter spacetime with
M0 parameter, ǫ0 = − ρπ l2/
√
ρ2
l2
+M0, ǫ0|∞(M0) ≈ −
√
Λ
π
+ M0
2π
√
Λ ρ2
, then the energies are
expressed at spatial infinity as
ǫ(ρ→∞, ǫ0|∞(M0)) ≈ l m−M0 − 2a
2
2π ρ2
+
a2
π ρ2
ln ρ,
E(ρ→∞, ǫ0|∞(M0)) ≈ m−M0 − 2a
2
ρ
+ 2
a2
ρ
ln ρ,
M(ρ→∞, ǫ0|∞(M0)) ≈ m−M0 − 2a2 + 2 a2 ln ρ. (11.5)
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Comparing these quantities with the corresponding ones of the static BTZ solution coun-
terpart, Section IVB, one sees a complete correspondence for vanishing electromagnetic
parameter a, thus one recognize m as mass parameter. Notice that the energy and mass
include an amount of energy due to the magnetic field, in a way similar to the electric one,
through a logarithmical terms; because of this dependence, these quantities logarithmically
diverge at infinity.
B. Field, energy-momentum and Cotton tensors for the magnetostatic Peldan
solution
The electromagnetic field tensor for this solution is given by
(F αβ) =


0 0 0
0 0 L
2 a
ρ
0 − a
L2 ρ
0

 , (11.6)
and is algebraically characterized by the following eigenvectors
λ1 = 0;V1 = [V
1 = V 1, V 2 = 0, V 3 = 0], V µVµ = −(V 1)2(ρ2), V1 = T1,
λ2 = i
a
ρ
;V1 = [V 1 = 0, V 2 = V 2, V 3 = i
1
L2
V 2],V1 = Z,
λ3 = −ia
ρ
;V1 = [V 1 = 0, V 2 = V 2, V 3 = −i 1
L2
V 2 ],V1 = Z¯,
Type : {T, Z, Z¯}. (11.7)
As far as to the electromagnetic energy momentum tensor is concerned, its matrix amounts
to
(T αβ)


− 1
8π
a2
ρ2
0 0
0 1
8π
a2
ρ2
0
0 0 1
8π
a2
ρ2

 (11.8)
with the following eigenvalues and their corresponding eigenvectors
λ1 = − 1
8π
a2
ρ2
;V1 = (V 1, 0, 0), V µVµ = −ρ2 V 1)2, V1 = T1,
λ2 =
1
8π
a2
ρ2
;V2 = (0, V 2, V 3), V µVµ = (V
2)2/ L2 + (V 3)2 L2, V2 = S2,
λ3 =
1
8π
a2
ρ2
;V3 = (0, V˜ 2, V˜ 3), V µVµ = (V˜
2)2/ L2 + (V˜ 3)2 L2, V3 = S3,
Type : {T, 2S}. (11.9)
This tensor structure corresponds to that one describing a perfect fluid energy momentum
tensor, but this time for the state equation: energy = pressure. Again, the solutions gen-
erated from this metric by using coordinate transformations will possess this perfect fluid
feature because the invariance of the eigenvalues.
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The Cotton tensor for electrostatic cyclic symmetric gravitational field is given by
(Cαβ) =


0 0 1
2
a2(ρ2+2 a2l2 ln(ρ))
l2ρ4
0 0 0
−1
2
a2
ρ2
0 0

 =


0 0 a
2L2
2ρ4
0 0 0
− a2
2ρ2
0 0

 . (11.10)
Searching for its eigenvectors, one arrives at
λ1 = 0;V1 = (0, V
2, 0), V µVµ = (V
2)2gρρ, V1 = S1,
λ2 =
i
2
La2
ρ3
;V2 = (V 1 = −i L
ρ
V 3, 0, V 3), V2 = Z,
λ3 = − i
2
La2
ρ3
;V3 = (V 1 =
i L
ρ
V 3, 0, V 3),V3 = Z¯,
Type : {T, Z, Z¯}. (11.11)
The eigenvectors V2 and V3 are complex conjugated while the vector V1, associated to the
zero eigenvalue, occurs to be spacelike–the only physically tractable ρ–direction vector in
this case. It is worthwhile to point out that the solutions generated via coordinate transfor-
mations, in particular the SL(2, R) transformations, applied onto this magneto–static cyclic
symmetric metric will shear the eigenvalues λi of the Cotton tensor quoted above; recall that
eigenvalues are invariant characteristics of tensors, although their components in different
coordinate systems are different–this last also applies to the eigenvectors of the seed and the
resulting solutions.
C. Field, energy-momentum and Cotton tensors for a modified magnetostatic
Peldan solution
One encounters in the literature a slightly modified Peldan solution, namely the one with
metric
(
gαβ
)
=


−ρ2 −Mg 0 0
0 1/L2 0
0 0 L
2 ρ2
ρ2+Mg

 ,
L2 :=
(−l2M + ρ2 +Mg + a2l2 ln (ρ2 +Mg)) (ρ2 +Mg)
l2ρ2
. (11.12)
One easily establishes that in this coordinate system one may reach the origin ρ = 0. In
fact,
gφφ =
L2 ρ2
ρ2 +Mg
=
ρ2
l2
+
Mg
l2
−M+a2 ln (ρ2 +Mg) = ρ2
l2
+a2 ln
[
(ρ2 +Mg) exp (
Mg −Ml2
a2 l2
)
]
,
thus, adopting the choice
Mg exp (
Mg −Ml2
a2 l2
) = 1 → Mg = l2LW
(
eM
l2
)
, LW(x) exp(LW(x)) = x,
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where LW stand for LambertW–function, one arrives as ρ→ 0 at
gφφ|ρ→0 = ρ
2a2 exp(
Mg −Ml2
a2 l2
) = ρ2
a2
Mg
, gρρ|ρ→0 =
1
a2
,
→ ds2|ρ→0 = −(d t
√
Mg)2 + (d
ρ
a
)2 +
(ρ
a
)2
(d
a2√
Mg
φ)2,
where it has been taken into account that 1/gρρ = L
2 =
gφφ
ρ2
(ρ2 +Mg) . Therefore, the
angular coordinate exhibit an angle deficit, assuming 0 ≤ a2√
Mg
φ < 2π, then 0 ≤ φ < 2π
√
Mg
a2
,
and ∆φ = 2π
(
1−
√
Mg
a2
)
.
The electromagnetic field tensor is given by
(F αβ) =


0 0 0
0 0 L
2 ρ a
ρ2+Mg
0 − a
L2 ρ
0

 , (11.13)
with eigenvectors
λ1 = 0;V1 = [V
1 = V 1, V 2 = 0, V 3 = 0], V µVµ = −(V 1)2(ρ2 +Mg), V1 = T1,
λ2 = i
a√
ρ2 +Mg
;V1 = [V 1 = 0, V 2 = V 2, V 3 = i
√
ρ2 +Mg
L2 ρ
V 2],V1 = Z,
λ3 = −i a√
ρ2 +Mg
;V1 = [V 1 = 0, V 2 = V 2, V 3 = −i
√
ρ2 +Mg
L2 ρ
V 2 ],V1 = Z¯,
Type : {T, Z, Z¯}. (11.14)
while the electromagnetic energy–momentum tensor amounts to
(T αβ) =


− 1
8π
a2
(ρ2+Mg)
0 0
0 1
8π
a2
(ρ2+Mg)
0
0 0 1
8π
a2
(ρ2+Mg)

 . (11.15)
44
with eigenvectors
λ1 = − 1
8 π
a2
ρ2 + Mg
;V1 = [V 1 = V 1, V 2 = 0, V 3 = 0],
V µVµ = −V 12(ρ2 + Mg), V1 = T1,
λ2 =
1
8 π
a2
ρ2 + Mg
;V2 = [V 1 = 0, V 2 = V 2, V 3 = V 3],
V µVµ =
V 2
2
L2
+
ρ2L2
(ρ2 + Mg)
V 1
2
, V2 = S2,
λ3 =
1
8 π
a2
ρ2 + Mg
;V3 = [V˜ 1 = 0, V˜ 2 = V˜ 2, V˜ 3 = V˜ 3],
V µVµ =
V˜ 2
2
L2
+
ρ2L2
(ρ2 + Mg)
V˜ 1
2
, V3 = S3,
Type : {T, 2S}. (11.16)
The Cotton tensor
(Cαβ) =


0 0 1
2
a2L2 ρ2
(ρ2+Mg)3
0 0 0
−1
2
a2
ρ2+Mg
0 0

 , (11.17)
possesses the following set of eigenvectors
λ1 = 0;V1 = [0, V 2, 0], V
µVµ =
V 2
2
L2
, V1 = S1,
λ2 = i
a2
2
ρL
(ρ2 +Mg)2
;V2 = [V 1 = −i L
ρ2 +Mg
V 3, V 2 = 0, V 3],V2 = Z,
λ3 = −i a
2
2
ρL
(ρ2 +Mg)2
;V2 = [V 1 = i
L
ρ2 +Mg
V 3, V 2 = 0, V 3],V2 = Z¯,
Type :{T, Z, Z¯}. (11.18)
D. Hirschman–Welch solution; energy and mass
Accomplishing in the original Peldan solution, Eq. (11.1), the coordinate transformation
t→ t, ρ→
√
(ρ2 + r2+ −ml2)/l2, φ→ φ l2, χ2 := a2 l2
45
, one obtains the Hirschman–Welch magnetostatic solution representation [21], see
also [5] (4.33), which is given by the metric functions
ds2 = −N(ρ)2dt2 + 1
L(ρ)2
dρ2 +K(ρ)2[dφ+W (ρ)dt]2,
H(ρ) =
ρ2 + r2+ −ml2
l2
, L(ρ) =
√
H(ρ)
ρ
K(ρ),
K(ρ) =
√
ρ2 + r2+ + χ
2 lnH(ρ),
N(ρ) =
√
H(ρ), W (ρ) = 0. (11.19)
In the original Hirschman–Welch work [21] there is a condition to be fulfilled by the
parameter r+, arising from the vanishing of K at ρ = 0, namely
r2+ + χ
2 ln(
r2+
l2
−m) = 0→ (r
2
+
l2
−m)e(r2+/χ2) = 1. (11.20)
This equation has been used in the quoted publication to determine the conical angle deficit:
as ρ→ 0 the behavior of K2/ρ2 = 1 + χ2/ρ2 ln [(ρ2 + r2+ −ml2)/(r2+ −ml2)] is given by
(K2/ρ2)|ρ→0 → r
2
+ −ml2 + χ2
r2+ −ml2
= 1 +
χ2
l2
e(r
2
+/χ
2),
hence the spatial sector ( 1
L2
dρ2 +K2 dφ2)|ρ→0 of the studied metric behaves as
[d(ρ
e(r
2
+/2χ
2)√
1 + χ
2
l2
e(r
2
+/χ
2)
)]2 +
ρ2 e(r
2
+/χ
2)
1 + χ
2
l2
e(r
2
+/χ
2)
[dφ e(−r
2
+/2χ
2)(1 +
χ2
l2
e(r
2
+/χ
2))]2 =: dρ˜2 + ρ˜2dφ˜2,
hence the angles ranges
0 ≤ φ˜ ≤ 2π → 0 ≤ φ ≤ 2π e
(r2+/2χ
2)
1 + χ
2
l2
e(r
2
+/χ
2)
= 2π
l
√
r2+ −ml2
r2+ −ml2 + χ2
,
thus, the conical singularity at ρ = 0, as pointed out in the HW paper, arises in φ with
the period Tφ = 2πν := 2π e
(r2+/2χ
2)/(1 + χ
2
l2
e(r
2
+/χ
2)), consequently the angle deficit is
δTφ = 2π(1− ν) as reported also in [22].
E. Mass, energy and momentum for the HW solution
For this electromagnetic field solution the surface energy density is given by
ǫ(ρ, ǫ0) = − 1
π l
ρ2 + r2+ −ml2 + χ2√
ρ2 + r2+ + χ
2 lnH
√
ρ2 + r2+ − l2m
− ǫ0,
(11.21)
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while the integral energy and mass amount to
E(ρ, ǫ0) = −2
l
ρ2 + r2+ −ml2 + χ2√
ρ2 + r2+ − l2m
− 2πK ǫ0,
M(ρ, ǫ0) = − 2
l2
(ρ2 + r2+ −ml2 + χ2)− 2πN Kǫ0 (11.22)
The evaluation of the above functions independent of ǫ0 behave at infinity according to
ǫ(ρ→∞, ǫ0 = 0) ≈ − 1
π l
+
ml2 − 2χ2
2π l ρ2
+
χ2
π l ρ2
ln (
ρ
l
),
E(ρ→∞, ǫ0 = 0) ≈ −2ρ
l
+
ml2 − r2+ − 2χ2
l ρ
,
M(ρ→∞, ǫ0 = 0) = − 2
l2
(ρ2 + r2+ −ml2 + χ2). (11.23)
Using in the expressions (11.22) the energy density for the anti–de Sitter solution counter-
part, namely ǫ0 = − 1π l2ρ/
√
M0 +
ρ2
l2
, which at the spatial infinity behaves as ǫ0|∞(M0) ≈
− 1
π l
+ lM0
2π ρ2
, the series expansions of the corresponding quantities at ρ→∞ result in
ǫ(ρ→∞, ǫ0|∞(M0)) ≈ − l M0
2π ρ2
+
ml2 − 2χ2
2π lρ2
+
χ2
π l ρ2
ln (
ρ
l
),
E(ρ→∞, ǫ0|∞(M0)) ≈ − l M0
ρ
+
ml2 − 2χ2
l ρ
+ 2
χ2
l ρ
ln (
ρ
l
),
M(ρ→∞, ǫ0|∞(M0)) ≈ m−M0 − 2χ
2
l2
+ 2
χ2
l2
ln (
ρ
l
). (11.24)
Therefore, comparing with the energy characteristics of the BTZ solution, one concludes
that the mass logarithmically diverges at spatial infinity, and that the role of mass is played
by m.
F. Field, energy-momentum and Cotton tensors for the generalized–via SL(2, R)
transformations–Peldan solution
Under SL(2, R) transformations of the form
t = αT + β Φ, αδ − βγ = 1,
φ = γ T + δΦ, (11.25)
the metric transforms into
(
gαβ
)
=


−α2 (ρ2 +Mg) + γ2 L2 ρ2
(ρ2+Mg)
0 −αβ (ρ2 +Mg) + γ δ L2 ρ2
(ρ2+Mg)
0 1
L2
0
−αβ (ρ2 +Mg) + γ δ L2 ρ2
(ρ2+Mg)
0 −β2 (ρ2 +Mg) + δ2 L2 ρ2
(ρ2+Mg)

 , (11.26)
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and the field tensor becomes
(F αβ) =


0 β a
L2 ρ
0
γ L2 ρa
(ρ2+Mg)
0 δ L
2 ρa
(ρ2+Mg)
0 − αa
L2 ρ
0

 , (11.27)
λ1 = 0;V1 = [V
1 = V 1, V 2 = 0, V 3 = − γ
δ
V 1],
V µVµ = −V 12(ρ2 +Mg)/δ2, V1 = T1,
λ2 = i
a√
ρ2 +Mg
;V2 = [V 1 = −β
α
V 3, V 2 = −i L
2 ρ V 3
α
√
ρ2 +Mg
, V 3 = V 3],V2 = Z,
λ3 = −i a√
ρ2 +Mg
;V3 = [V 1 = −β
α
V 3, V 2 = −i L
2 ρ V 3
α
√
ρ2 +Mg
, V 3 = V 3],V3 = Z¯,
(11.28)
and the energy tensor
(T αβ) =


1
8
a2(β γ+α δ)
ρ2π
0 −1
4
γ α a2
ρ2π
0 1
8
a2
π ρ2
0
1
4
δ β a2
ρ2π
0 −1
8
a2(β γ+α δ)
ρ2π

 . (11.29)
allows for the following eigenvectors
λ1 = − 1
8 π
a2
ρ2 + Mg
;V1 = [V 1 = V 1, V 2 = 0, V 3 = −γ
δ
V 1],
V µVµ = −V 12(ρ2 +Mg)/δ2, V1 = T1,
λ2 =
1
8 π
a2
ρ2 + Mg
;V2 = [V 1 = −β
α
V 3, V 2 = V 2, V 3 = V 3],
V µVµ =
V 2
2
L2
+
L2ρ2
ρ2 +Mg
V 3
2
α2
, V2 = S2,
λ3 =
1
8 π
a2
ρ2 + Mg
;V3 = [V˜ 1 = −β
α
V˜ 3, V˜ 2 = V˜ 2, V˜ 3 = V˜ 3],
V µVµ =
V˜ 2
2
L2
+
L2ρ2
ρ2 +Mg
V˜ 3
2
α2
, V3 = S3,
Type :{T, 2S}. (11.30)
The transformed Cotton tensor is given by
(Cαβ) =


−1
2
αβ a2
(ρ2+Mg)
− 1
2
a2L2 ρ2γ δ
(ρ2+Mg)3
0 −1
2
a2β2
(ρ2+Mg)
− 1
2
a2L2 ρ2δ2
(ρ2+Mg)3
0 0 0
1
2
a2α2
(ρ2+Mg)
+ 1
2
a2L2 ρ2γ2
(ρ2+Mg)3
0 1
2
αβ a2
(ρ2+Mg)
+ 1
2
a2L2 ρ2γ δ
(ρ2+Mg)3

 , (11.31)
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and has the eigenvectors
λ1 = 0;V1 = [0, V 2, 0], V
µVµ =
V 2
2
L2
, V1 = S1,
λ2 = i
1
2
ρ a2L
(ρ2 +Mg)2
;
V2 = [V 1 = −
V 3
[
β2 (ρ2 +Mg)
2
+ L2 ρ2δ2
]
β α (ρ2 +Mg)2 − iLρ (ρ2 +Mg) + L2 ρ2γ δ , V
2 = 0, V 3], V2 = Z
λ3 = −i 1
2
ρ a2L
(ρ2 +Mg)2
;
V3 = [V 1 = −
V 3
[
β2 (ρ2 +Mg)
2
+ L2 ρ2δ2
]
β α (ρ2 +Mg)2 + iLρ (ρ2 +Mg) + L2 ρ2γ δ
, V 2 = 0, V 3], V3 = Z¯,
Type :{S, Z, Z¯}. (11.32)
G. False Stationary Peldan magnetostatic solution
The magnetostatic solution with a negative cosmological constant is determined by the
metric
ds2 = −N(ρ)2dt2 + 1
L(ρ)2
dρ2 +K(ρ)2[dφ+W (ρ)dt]2,
h(ρ) := ρ2 +M+,
K(ρ) =
1
l
√
K0 + ρ2 + a2l2 ln h(ρ),
L(ρ) =
1
ρ l
√
(K0 + ρ2 + a2l2 ln h(ρ))h(ρ),
N(ρ) =
√
h(ρ), W (ρ) = −2J0. (11.33)
The surface energy and momentum densities are given by
ǫ(ρ) = − 1
π l2K(ρ)N(ρ)
(ρ2 +M+ + a
2l2)− ǫ0,
j(ρ) = 0. (11.34)
Since the momentum j(ρ) is zero, the stationarity of this solution is fictitious, as a matter
of fact one is dealing with a static metric.
XII. DIAS–LEMOS SOLUTION
Subjecting the static Hirschman–Welch metric (11.19) to the SL(2, R) transformation
t→
√
1 + ω2t− ω lφ, ρ→ ρ, φ→ − ω
l
t+
√
1 + ω2φ,
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one arrives at the Dias–Lemos solution [22], see also [5] (11.41), determined by the metric
ds2 = −N(ρ)2dt2 + 1
L(ρ)2
dρ2 +K(ρ)2[dφ+W (ρ)dt]2,
H(ρ) : = (ρ2 + r2+ −ml2)/l2,
L(ρ) =
√
H(ρ)
ρ
√
ρ2 + r2+ + χ
2 lnH(ρ),
K(ρ) =
√
ρ2 + r2+ + ω
2l2m+ (1 + ω2)χ2 lnH(ρ),
N(ρ) = ρ
√
L(ρ)√
K(ρ)
, W (ρ) = −ω
√
1 + ω2
l
[ml2 + χ2 lnH(ρ)]
K(ρ)2
. (12.1)
Notice that this metric, in the case of vanishing charge χ = 0, yields to an alternative
coordinate representation of the rotating BTZ solution, with parameter ω, namely
ds2 = −
(
ρ2 + r2+
l2
− (1 + ω2)ml2) dt2 + ρ2l2
(ρ2 + r+2) (ρ2 + r
2
+ −ml2)
dρ2
−2ωm l
√
1 + ω2dφ dt+ (ρ2 + r+
2 + l2ω2)dφ2, (12.2)
which differs from the standard BTZ solution representations.
Accomplishing in the above metric the transformations
t→ l2 t, ρ→
√
ρ2/l2 −ml2ω2 − r+2 +M
and identifying the parameters according to
m =
M
1 + 2ω2
,M2
(1 + ω2)ω2 l2
(2ω2 + 1)2
= J2/4,→
ω2 =
1
2
Ml ±√M2l2 − J2√
M2l2 − J2 , m =
√
M2l2 − J2
l3
,
one arrives at the BTZ solution counterpart representation (4.12)
ds2 = −ρ2dt2 +
(
ρ2
l2
+M +
J2
4ρ2
)−1
dρ2 − J dφ dt+
(
ρ2
l2
+M
)
dφ2. (12.3)
On the other hand, by replacing ρ → √ρ2 −ml2ω2 − r+2 one arrives at the middle of the
road metric
ds2 = −
(
ρ2
l2
− (1 + 2ω2)m) dt2 + (ρ2
l2
− (1 + 2ω2)m+ l
2m2ω2(1 + ω2)
ρ2
)−1
dρ2
−2ωm l
√
1 + ω2dφ dt+ ρ2dφ2, (12.4)
which, identifying
m =
M
1 + 2ω2
, l2m2ω2(1 + ω2) = J2/4→
ω2 =
1
2
Ml ±√M2l2 − J2√
M2l2 − J2 , m =
√
M2l2 − J2
l
, 2
√
1 + ω2ωml → J,
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gives rise to the standard description of the stationary BTZ black hole metric (4.1).
Therefore, as the vacuum limit of the DL metric (12.1) one may consider the rotating
BTZ solution counterpart, and consequently one may think it of as the reference vacuum
solution in the evaluation of the quasi local energy, momentum and mass.
A. Mass, energy and momentum for the DL solution
The surface energy and momentum densities are given by
ǫ(ρ, ǫ0) = −ρ L
π l2K2H
(ρ2 + r2+ −ml2 + (1 + ω2)χ2)− ǫ0
j(ρ, ǫ0) = ω
√
1 + ω2
ρ
π l
L
N K2
[ml2 − χ2 + χ2 lnH ], (12.5)
while the integral quantities amount to
J(ρ, ǫ0) = 2ω
√
1 + ω2
ρ
l
L
N K
[ml2 − χ2 + χ2 lnH ] = 2
l
ω
√
1 + ω2 [ml2 − χ2 + χ2 lnH ],
E(ρ, ǫ0) = −2 ρ
l2
L
K H
P (ρ)− 2πKǫ0,
M(ρ, ǫ0) = −2 ρ
l2
NL
HK
P (ρ)−W J − 2π N Kǫ0
= − 2
l2
(ρ2 + χ2 + r2+ −ml2) + 2
ω2
l2
[ml2 − χ2 + χ2 lnH ]− 2πN Kǫ0,
P (ρ) := ρ2 + r2+ −ml2 + (1 + ω2)χ2. (12.6)
The evaluation of the main parts of above functions, i.e., the corresponding functions inde-
pendent of ǫ0 behave at infinity according to
j(ρ→∞) ≈ ω
lπρ
√
1 + ω2[ml2 − χ2 + 2χ2 ln (ρ
l
)],
J(ρ→∞) ≈ 2ω
l
√
1 + ω2[ml2 − χ2 + 2χ2 ln (ρ
l
)],
ǫ(ρ→∞, ǫ0 = 0) ≈ − 1
π l
+
ml2 − 2χ2
2π l ρ2
+
χ2
π l ρ2
ln (
ρ
l
)
+ ω2[
ml2 − χ2
π l ρ2
+ 2
χ2
π l ρ2
ln (
ρ
l
)],
E(ρ→∞, ǫ0 = 0) ≈ −2ρ
l
+
ml2 − r2+ − 2χ2
l ρ
+
ω2
l ρ
[ml2 − 2χ2 + 2χ2 ln (ρ
l
)],
M(ρ→∞, ǫ0 = 0) ≈ 2m− 2 1
l2
(ρ2 + r2+ + χ
2) + 2
ω2
l2
[ml2 − χ2 + 2χ2 ln (ρ
l
)]. (12.7)
Using in the expressions (12.6) as reference energy density the quantity ǫ0 = − 1πρ
√
ρ2
l2
−M0,
which at the spatial infinity behaves as ǫ0|∞(M0) ≈ − 1π l + lM02π ρ2 , the series expansions of the
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corresponding quantities at ρ = infinity result in
ǫ(ρ→∞, ǫ0|∞(M0)) ≈ l
2π ρ2
(m−M0)− 1
2π l ρ2
(χ2 − χ2 ln (ρ
l
))
+
ω2
π l ρ2
[ml2 − χ2 + 2χ2 ln (ρ
l
)],
E(ρ→∞, ǫ0|∞(M0)) ≈ l
ρ
(m−M0)− 2χ
2
l ρ
+ 2
χ2
l ρ
ln (
ρ
l
)
+ 2
ω2
l ρ
[ml2 − χ2 + 2χ2 ln (ρ
l
)],
M(ρ→∞, ǫ0|∞(M0)) ≈ m−M0 − 2χ
2
l2
+ 2
χ2
l2
ln (
ρ
l
) + 2
ω2
l2
[ml2 − χ2 + 2χ2 ln (ρ
l
)].
(12.8)
Therefore, comparing with the energy characteristics of the BTZ solution, one concludes
that the mass logarithmically diverges at spatial infinity. For vanishing rotation parameter
ω one recovers the static solution in the representation of Hirschman–Welch and certainly
the corresponding energy quantities. The parameter m can be considered as the BTZ mass.
B. Field, energy and Cotton tensors for the Dias–Lemos solution
To determine the algebraic types of the electromagnetic field, energy–momentum, and
Cotton tensors it is more convenient to work with the DL metric in the form
g =


−h − ω2 (h − L2 ) 0 l√1 + ω2ω (h − L2 )
0 ρ
2
h L2 l2
0
l
√
1 + ω2ω (h − L2 ) 0 l2 (−ω2h + L2 + L2 ω2)

 , (12.9)
where
L2 =
χ2 ln (h) + ρ2
l2
, h =
ρ2 +Mg
l2
, Mg = r2+ −ml2. (12.10)
In his representation, the electromagnetic field tensor becomes
(F αβ) =


0 − ρχω
l3L2 h
0
−ω χL2
lρ
0 χ
√
1+ω2L2
ρ
0 −ρχ
√
1+ω2
L2 l4h
0

 , (12.11)
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with the following eigenvalues and their corresponding eigenvectors
λ1 = 0;V1 = [V
1 = V 1, V 2 = 0, V 3 =
ω
l
√
1 + ω2
V 1], Vµ V
µ = − h
1 + ω2
V 1
2
V1 = T1,
λ2 = −i χ√
hl2
;V2 = [V 1 = i
ω ρ
lL2
√
h
V 2, V 2 = V 2, V 3 = i
√
1 + ω2ρ
L2 l2
√
h
V 2],
V2 = Z,
λ3 = i
χ√
hl2
;V3 = [V 1 = −i ω ρ
lL2
√
h
V 2, V 2 = V 2, V 3 = −i
√
1 + ω2ρ
L2 l2
√
h
V 2],
V3 = Z¯,
Type : {T, Z, Z¯}. (12.12)
As far as to the electromagnetic energy momentum tensor is concerned, its matrix is given
by
(T αβ) =


− 1
8 π
χ2(1+2ω2)
l2(ρ2+Mg)
0 1
4π
ω χ2
√
1+ω2
l(ρ2+Mg)
0 1
8π
χ2
l2(ρ2+Mg)
0
− 1
8 π
ω χ2
√
1+ω2
l3(ρ2+Mg)
0 1
8π
χ2(1+2ω2)
l2(ρ2+Mg)

 , (12.13)
with the following eigenvalues and their corresponding eigenvectors
λ1 = − 1
8 π
χ2
l2 (ρ2 +Mg)
;V1 = [V 1, 0,
ω
l
√
1 + ω2
V 1],
Vµ V
µ = − h
1 + ω2
V 1
2
,V1 = T1,
λ2 =
1
8 π
χ2
l2 (ρ2 +Mg)
;V2 = [V 1 =
ω l√
1 + ω2
V 3, V 2 = V 2, V 3 = V 3],
V µVµ =
l2L2
1 + ω2
V 3
2
+
ρ2
h L2 l2
V 2
2
, V2 = S2,
λ3 =
1
8 π
χ2
l2 (ρ2 +Mg)
;V3 = [
ω l√
1 + ω2
V˜ 3, V˜ 2, V˜ 3 ],
V µVµ =
l2L2
1 + ω2
(V˜ 3)2 +
ρ2
h L2 l2
(V˜ 2)2, V3 = S3,
Type : {T, 2S}. (12.14)
This tensor structure corresponds to that one describing a perfect fluid energy momentum
tensor, but this time for the state equation: energy = pressure. Again, the solutions gener-
ated from this metric by using coordinate transformations possesses this perfect fluid feature
because the invariance of the eigenvalues.
The Cotton tensor for stationary cyclic symmetric gravitational field is given by
(Cαβ) =


−χ2
2
ω
√
1+ω2(h+L2)
h2l5
0 χ
2
2
(ω2h+L2+L2 ω2)
h2l4
0 0 0
−χ2
2
(h+ω2h+L2 ω2)
h2 l6
0 χ
2
2
ω
√
1+ω2(h+L2)
h2 l5

 . (12.15)
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Searching for its eigenvectors, one arrives at
λ1 = 0;V1 = [V
1 = 0, V 2 = V 2, V 3 = 0], Vµ V
µ =
ρ2
h L2 l2
V 1
2
,V1 = S,
λ2 =
i
2
χ2 L
h3/2l5
;
V2 = [V 1 =
V 3 l
(
−iL√h + ω√1 + ω2h + ω√1 + ω2L2
)
h + ω2h + L2 ω2
, V 2 = 0, V 3 = V 3], V2 = Z,
λ3 = − i
2
χ2 L
h3/2l5
;
V3 = [V 1 =
V 3 l
(
iL
√
h + ω
√
1 + ω2h + ω
√
1 + ω2L2
)
h + ω2h + L2 ω2
, V 2 = 0, V 3 = V 3], V3 = Z¯,
Type : {T, Z, Z¯}. (12.16)
The eigenvectors V2 and V3 are complex conjugated while the vector V1, associated to the
zero eigenvalue, occurs to be the only physically meaningful spacelike direction in this case.
XIII. MATYJASEK-ZASLAVSKI SOLUTION
The uniform electrostatic solution [23], see also [5] (5.20), is given by the metric functions
ds2 = −N(ρ)2dt2 + 1
L(ρ)2
dρ2 +K2[dφ+Wdt]2,
L(ρ) = N(ρ) =
√
2
l2
ρ2 + 4c1ρ+ c0, K = 1, W = 0.
(13.1)
A. Vanishing mass, energy and momentum of the MZ solution
Since the surface energy density ǫ occurs proportional to ǫ0, ǫ = −ǫ0, consequently all
the energy–mass quantities are given through it
ǫ = −ǫ0, M(ρ, ǫ0) = −2πN(ρ)ǫ0, E(ρ, ǫ0) = −2πǫ0. (13.2)
Thus, for the natural choice of a vanishing reference energy density ǫ0 = 0 all the energy
quantities vanish: ǫ = 0,M(ρ, 0) = 0 = E(ρ, 0). On the other hand, if the reference energy
is the one corresponding to the anti–de Sitter spacetime, ǫ0 = − 1π ρ
√
ρ2
l2
−M0, the energies
M(ρ, ǫ0) and E(ρ, ǫ0) will be again expressed through ǫ0.
Metric
g =


−N2 0 0
0 N−2 0
0 0 1

 , N(ρ)2 = 2 ρ2
l2
+ c 1 ρ+ c 0 (13.3)
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B. Cotton, field, and energy–momentum tensors
As far as the eigenvalue–vector properties of this solution one establishes straightforwardly
that the Cotton tensor ought to vanish because of uniform character of the electromagnetic
field, hence the 2+1 Matyjasek-Zaslavski gravitational field is conformally flat, Cαβ = 0.
On the other hand the electromagnetic field tensor
(F αβ) =


0 1
N2l
0
N2
l
0 0
0 0 0

 , (13.4)
allows for the eigenvectors
λ1 = 0;V1 =
[
V 1 = 0, V 2 = 0, V 3
]
, VµV
µ = V 3
2
, V1 = S1,
λ2 =
1
l
;V2 =
[
V 1 = V 1, V 2 = N2V 1, V 3 = 0
]
,
V µVµ = 0, V2 = N2,
λ3 = −1
l
;V3 =
[
V 1 = V 1, V 2 = −N2V 1, V 3 = 0] ,
V µVµ = 0, V3 = N3, (13.5)
consequently its type is
{S,N,N}.
For the electromagnetic energy–momentum tensor we have
(T αβ) =


− 1
8l2π
0 0
0 − 1
8l2π
0
0 0 1
8l2π

 , (13.6)
with eigenvectors
λ1 =
1
8 π l2
;V1 =
[
V 1 = 0, V 2 = 0, V 3 = V 3
]
, VµV
µ = V 1
2
,V1 = S1,
λ2,3 = − 1
8 π l2
;V2, 3 =
[
V 1 = V 1, V 2 = V 2, V 3 = 0
]
,
VµV
µ = −(N
2V 1 − V 2) (N2V 1 + V 2)
N2
V2 = T2,S2,N2, V3 = T3,S3,N3, (13.7)
and therefore it allows for the types
{S, 2T}, {S, 2N}, {S, 2S}.
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XIV. CATALDO SOLUTION
The structural functions of the Cataldo static solution [24], see [5] Eq. (4.46), are given
by
ds2 = −N(ρ)2dt2 + 1
L(ρ)2
dρ2 +K(ρ)2[dφ+W (ρ)dt]2,
N(ρ) = ρ(1/2−
√
α/2)(ρ2/l2 −M)(1/4+
√
α/4),
L(ρ) = (ρ2/l2 −M)(1/2),
K(ρ) = ρ(1/2+
√
α/2)(ρ2/l2 −M)(1/4−
√
α/4). (14.1)
A. Mass, energy and momentum for the Cataldo solution
The corresponding surface densities occur to be
ǫ(ρ, ǫ0) = − 1
πlρ
1√
ρ2 −Ml2 [ρ
2 −Ml2 (1 +
√
α)
2
]− ǫ0,
jφ(ρ) = 0 = J(ρ), (14.2)
while the integral quantities amount to
E(ρ, ǫ0) = −l(
√
α/2−3/2)(ρ2 −Ml2)(−
√
α/4−1/4)
ρ(
√
α/2−1/2)[2ρ2 − (1 +√α)Ml2]
− 2πǫ0l(
√
α/2−1/2)(ρ2 −Ml2)(−
√
α/4+1/4)
ρ(
√
α/2+1/2),
M(ρ, ǫ0) = −2ρ
2
l2
+ (1 +
√
α)M − 2π
l
ǫ0ρ
√
ρ2 −Ml2 (14.3)
The evaluation of energy and mass functions independent of ǫ0 behave at infinity as
ǫ(ρ→∞, ǫ0 = 0) ≈ − 1
π l
+
l
√
αM
2π ρ2
,
E(ρ→∞, ǫ0 = 0) ≈ l 12 (1+
√
α)[−2 ρ
l2
+
(1 +
√
α)M
2ρ
],
M(ρ→∞, ǫ0 = 0) ≈ M(1 +
√
α)− 2ρ
2
l2
. (14.4)
Using in the expressions (14.2) and (14.3) as the reference energy density the quantity
ǫ0 = − 1πρ
√
−M0 + ρ2l2 , which at the spatial infinity behaves as ǫ0|∞(M0) ≈ − 1π l + M02π ρ2 the
series expansions of the corresponding quantities at ρ→ infinity result in
ǫ(ρ→∞, ǫ0|∞(M0)) ≈ l
2π ρ2
(−M0 +
√
αM),
E(ρ→∞, ǫ0|∞(M0)) ≈ (−M0 +
√
αM)
ρ
l
1
2
(1+
√
α),
M(ρ→∞, ǫ0|∞(M0)) ≈ −M0 +
√
αM. (14.5)
Therefore, comparing with the energy characteristics of the BTZ solution, one concludes
that the mass parameter at spatial infinity is determined by the product
√
αM , although
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the mass function diverges at infinity as fast as 1/ρ2, a similar behavior is exhibited by the
energy density in that spatial region.
B. Field, energy–momentum, and Cotton tensors
The electromagnetic field of this solution is given by
(F αβ) =
lM(1 − α)1/2
(ρ2 −Ml2)1/2 ρ ×

0 0 −1
2
l
√
α (ρ2 −Ml2)1/2
√
α
ρ−
√
α
0 0 0
−1
2
l−
√
α (ρ2 −Ml2)−1/2
√
α
ρ
√
α 0 0

 , (14.6)
and it is characterized by the following eigenvalues and eigenvectors
λ1 = 0;V1 = (0, V
2, 0), V µVµ = (V
2)2gρρ, V1 = S1,
λ2 = −1/2 Ml
√
1− α√
ρ2 −Ml2ρ ;V2 = [l
√
α
(
ρ2 −Ml2)−1/2√α ρ√αV 3, 0, V 3],
V µVµ = 0, V2 = N2,
λ3 = 1/2
Ml
√
1− α√
ρ2 −Ml2ρ ;V3 = [−l
√
α
(
ρ2 −Ml2)−1/2√α ρ√αV 3, 0, V 3],
V µVµ = 0, V3 = N3,
Type : {S,N,N}. (14.7)
On the other hand, the energy–momentum tensor, having the structure
(T αβ) = − 1
32
M2l2 (1− α)
ρ2 (ρ2 −Ml2)π


1 0 0
0 −1 0
0 0 1

 , (14.8)
allows for the eigenvalues λ1 =
1
32
M2l2(1−α)
ρ2(ρ2−Ml2)π and the other one, of multiplicity two, λ2 =
λ3 = − 132 M
2l2(1−α)
ρ2(ρ2−Ml2)π with the corresponding eigenvectors
λ1 =
1
32
M2l2 (1− α)
ρ2 (ρ2 −Ml2) π ;V1 = (0, V
2, 0), Vµ = V
2gρρδ
ρ
µ, V
µVµ = (V
2)2gρρ, V1 = S1,
λ2 = − 1
32
M2l2 (1− α)
ρ2 (ρ2 −Ml2) π ;V2 = (V
1, 0, V 3), V µVµ = (V
1)2gt t + (V
3)2gφφ,
V2 = T2,S2,N2,
λ3 = − 1
32
M2l2 (1− α)
ρ2 (ρ2 −Ml2) π ;V3 = (V˜
1, 0, V˜ 3), V µVµ = (V˜
1)2gt t + (V˜
3)2gφφ,
V3 = T3,S3,N3.
(14.9)
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For V2 and V3, the character of the vector depends on the sing of its norm; for instance,
by choosing
V 1 = s
√
gφφ/
√
|gt t| V 3, s = const., V1µV1µ = (1− s2)gφφ (V 3)2;
s > 1→ V1 = T, s = ±1 → V1 = N, s < 1→ V1 = S.
Recall that in 3+1 gravity the eigenvectors of the electromagnetic energy–momentum ten-
sor (and at the same time of the electromagnetic field tensor) are null in pairs, i.e. they
exhibit double coincidence. Hence in the 2+1 case under study one may think of the align-
ments {S, 2N} or {N,S,N} as the corresponding reductions of electromagnetic field eigen–
directions of 3+1 gravity.
To complete the characterization of this solution, it is reasonable to add some comments
about the conformal Cotton tensor, which is given by
(Cαβ) =
l3
√
α (α− 1)M3
8 (ρ2 −Ml2)3/2 ρ3
×


0 0 l−
√
αρ
√
α (ρ2 −Ml2)−
√
α/2
0 0 0
−l√α (ρ2 −Ml2)
√
α/2
ρ−
√
α 0 0

 , (14.10)
with eigenvectors
λ1 = 0;V1 = (0, V
2, 0), V µVµ = (V
2)2/L2, V1 = S,
λ2 = − i
√
αl3 (1− α)M3
8 (ρ2 −Ml2)3/2 ρ3
;
V2 = [V 1 = −iρ
√
α
(
ρ2 −Ml2)−√α/2 l−√αV 3, 0, V 3], V2 = Z,
λ3 =
i
√
αl3 (1− α)M3
8 (ρ2 −Ml2)3/2 ρ3
;
V3 = [V 1 = iρ
√
α
(
ρ2 −Ml2)−√α/2 l−√α V 3, 0, V 3], V3 = Z¯,
Type : {S, Z, Z¯}. (14.11)
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XV. STATIONARY GENERALIZATION OF THE CATALDO STATIC
SOLUTION
The structural functions corresponding to the stationary generalization of the Cataldo
static solution, via SL(2, R) transformations, are given by
ds2 = −N(ρ)2dt2 + 1
L(ρ)2
dρ2 +K(ρ)2[dφ+W (ρ)dt]2,
K(ρ)2 =
ρ(ρ2 −Ml2)1/2
l∆
[
δ20 l
√
αρ
√
α(ρ2 −Ml2)−
√
α/2 − β20 l−
√
αρ−
√
α(ρ2 −Ml2)
√
α/2
]
,
N(ρ)2 =
ρ2
l2
ρ2 −Ml2
K(ρ)2
, ∆ := (α0δ0 − β0γ0) 6= 0,
W (ρ) = − 1
∆
ρ
l
√
ρ2 −Ml2
K(ρ)2
[α0β0 l
−√αρ−
√
α(ρ2 −Ml2)
√
α/2 − γ0δ0 l
√
αρ
√
α(ρ2 −Ml2)−
√
α/2],
L(ρ)2 =
ρ2
l2
−M. (15.1)
A. Mass, energy and momentum for the generalized Cataldo solution
The corresponding surface densities occur to be
ǫ(ρ, ǫ0) = −
[
β20(1− Ml
2
ρ2
)
√
α
2 (2− (1−√α)Ml2
ρ2
)− δ20l2
√
α(1− Ml2
ρ2
)−
√
α
2 (2− (1 +√α)Ml2
ρ2
)
]
2πl
√
1−Ml2/ρ2
×
[
β20(1−
Ml2
ρ2
)
√
α
2 − δ20 l2
√
α(1− Ml
2
ρ2
)−
√
α
2
]−1
− ǫ0,
j(ρ) = β0δ0
√
αM
π∆K(ρ)
, (15.2)
therefore the product β0δ0 is related with the rotation properties of the considered solution.
The integral quantities amount to
J(ρ) = 2 πK(ρ) j(ρ) = 2β0δ0
√
αM
∆
,
E(ρ) = 2 πK(ρ) ǫ(ρ),
M(ρ) = N(ρ)E(ρ)−W (ρ) J(ρ). (15.3)
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The evaluation of energy and mass functions independent of ǫ0 behave at infinity as
ǫ(ρ→∞, ǫ0 = 0) ≈ − 1
π l
+
√
αlM
2πρ2
δ20l
2
√
α + β20
δ20 l
2
√
α − β20
,
E(ρ→∞, ǫ0 = 0) ≈ − l1/2−
√
α/2 M
2ρ
√
∆
[(
√
α− 1)β40 + 2β20δ20l2
√
α − (√α+ 1)δ40 l4
√
α]
(δ20 l
2
√
α − β20)3/2
−2ρ l−3/2−
√
α/2
√
δ20 l
2
√
α − β20√
∆
,
M(ρ→∞, ǫ0 = 0) = −2ρ
2
l2
+M
[
1 +
√
α
δ20l
2
√
α + β20
δ20 l
2
√
α − β20
+ 2
√
α
β0δ0
∆
α0β0 − γ0δ0l2
√
α
δ20l
2
√
α − β20
]
.
(15.4)
Using in the expressions (15.2)–(15.3) as reference energy density the quantity ǫ0 =
− ρ
π l2
/
√
M0 +
ρ2
l2
, which at the spatial infinity behaves as ǫ0|∞(M0) ≈ − 1π l + lM02π ρ2 , the series
expansions of the corresponding quantities at ρ→ infinity result in
ǫ(ρ→∞, ǫ0|∞(M0)) ≈ l
2π ρ2
(
√
αM −M0)− l
√
αM
π ρ2
β20
δ20l
2
√
α − β20
,
E(ρ→∞, ǫ0|∞(M0)) ≈ l1/2−
√
α/2
√
δ20l
2
√
α − β20
ρ
√
∆
(
√
αM −M0) + 2l1/2−
√
α/2 β
2
0
√
αM
ρ
√
δ20 l
2
√
α − β20
,
M(ρ→∞, ǫ0|∞(M0)) ≈
√
αM −M0 −
√
αMβ0
∆
γ0δ
2
0l
2
√
α − 2α0β0δ0 + β20γ0
δ20l
2
√
α − β20
. (15.5)
Therefore, comparing with the energy characteristics of the BTZ solution, one concludes
that role of the mass parameter is played by the product
√
αM . At spatial infinity the mass
function occurs to be finite, the energy density and global energy approach to infinity as
fast as 1/ρ2 and 1/ρ correspondingly.
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XVI. AYON–CATALDO–GARCIA HYBRID SOLUTION
The metric defining this kind of stationary electromagnetic solution [25], see
also [5], Eq.(8.15), can be given in the standard form as
g = −N2d t2 + 1
L2
dρ2 +K2[dφ+Wd t]2 = −ρ
2 f
H
d t2 +
dρ2
f
+H(dφ+Wd t)2,
f(ρ) =
ρ2
l2
−M + J
2
4ρ2
,
H(ρ) =
1
4K1
√
αSM
√
2ρ2 − lR−
√
2ρ2 − lR+
[
J2K21 (2ρ
2 − lR−)−
√
α/2(2ρ2 − lR+)
√
α/2
−(2ρ2 − lR−)
√
α/2(2ρ2 − lR+)−
√
α/2
]
,
W (ρ) = −R−
J l
[
(2ρ2 − lR+)
√
α(2
√
αSM +R−)R− − (2ρ2 − lR−)
√
αJ2
]
×[
(2ρ2 − lR+)
√
αR2− − (2ρ2 − lR−)
√
αJ2
]−1
,
R± : = M l ±
√
M2l2 − J2, K1 := −R−
J2
, SM :=
√
M2 l2 − J2. (16.1)
The structural functions appearing in the definitions of the energy and momentum quantities
are expressed as
N(ρ) =
√
ρ2 f(ρ)
H(ρ)
, L(ρ) =
√
f(ρ), K(ρ) =
√
H(ρ), W (ρ) = W (ρ). (16.2)
The corresponding electromagnetic tensors are given as
Fµν = −
√
1− α
l
√
M2 l2 − J2δ[µtδν]φ,
8 π Tµ
ν =
α− 1
4 l2
M2 l2 − J2
ρ2 f(ρ)
[δµ
T δT
ν − δµρδρν + δµΦδΦν ]. (16.3)
When the electromagnetic field is turned off, α = 1, the above metric components reduce to
gTT = M − ρ
2
l2
, gTΦ = −J
2
, gΦΦ = ρ
2, gρρ =
(
ρ2
l2
−M + J
2
4ρ2
)−1
,
which correspond to the BTZ ones.
A. Mass, energy and momentum for the ACG solution
In terms of the structural metric functions the momentum quantities they allow for very
simple expressions
j(ρ) =
J
2π
1√
H(ρ)
, J(ρ) = J, (16.4)
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while the energy and mass characteristics become
ǫ(ρ, ǫ0) = − 1
2π
√
f(ρ)
H(ρ)
d
dρ
H(ρ)− ǫ0, (16.5)
E(ρ, ǫ0) = −
√
f(ρ)√
H(ρ)
d
dρ
H(ρ)− 2πǫ0
√
H(ρ), (16.6)
M(ρ, ǫ0) = −ρ f(ρ)
H(ρ)
d
dρ
H(ρ)− J W (ρ)− 2ρπǫ0
√
f(ρ), (16.7)
Because of the involved dependence of the metric functions upon the ρ coordinate, the
evaluation of the energy quantities will de done in the approximation of the spatial infinity.
The momentum density at infinity becomes
j(ρ→∞) ≈ J
2π
α1/4
ρ
, (16.8)
while the global momentum remains constant in the whole space
J(ρ) = J. (16.9)
It becomes apparent then that the role of the momentum parameter is played and coincides
with J .
The approximated at ρ→∞ surface energy density, global energy and mass, for zero base
energy density ǫ0 are given by
ǫ(ρ→∞, ǫ0 = 0) ≈ − 1
π l
+
l M
√
α
2π ρ2
,
E(ρ→∞, ǫ0 = 0) ≈ −2 ρ
l α1/4
+
l
2 ρα1/4
(1 +
√
α)M,
M(ρ→∞, ǫ0 = 0) ≈ −2ρ
2
l2
+ 2M +
√
α− 1
l
√
M2 l2 − J2. (16.10)
Using in the expressions (16.5)–(16.7) as reference energy density the energy correspond-
ing to the anti–de–Sitter metric, ǫ0 = − 1πρ
√
ρ2
l2
−M0, ǫ0|∞(M0) ≈ − 1π l + lM02π ρ2 , the series
expansions of the global energy and mass quantities at ρ→∞ result in
ǫ(ρ→∞, ǫ0|∞(M0)) ≈ l
2π ρ2
(
√
αM −M0),
E(ρ→∞, ǫ0|∞(M0)) ≈ l (
√
αM −M0)
ρα1/4
,
M(ρ→∞, ǫ0|∞(M0)) ≈ M −M0 +
√
α− 1
l
√
M2 l2 − J2. (16.11)
Comparing with the energy characteristics of the BTZ solution, the mass parameter occurs
to be an involved quantity depending on M , the momentum J , and the charge α, namely
M +
√
α−1
l
√
M2 l2 − J2, although the mass function is finite at spatial infinity. On the other
hand, if M l >> J then
√
αM becomes the mass parameter. The energy density and global
energy are proportional at infinity to 1/ρ2 and 1/ρ correspondingly.
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B. Field, energy–momentum, and Cotton tensors
The coordinate system {t, r, φ} occurs to be more adequate in the derivation of the
eigenvalue–vector characteristics of the considered solution [5], Eq.(8.11). The metric in
{t, r, φ}–coordinates is given by
g =


−F/H +HW 2 0 HW
0 1/F 0
HW 0 H

 , (16.12)
with structural functions
F (r) = 4
(r − r1 ) (r − r2 )
l2
,
H(r) =
l
2
√
(r − r1 ) (r − r2 )
K1
√
α (r2 − r1 )
[(
r − r1
r − r2
)1/2√α
− J2K1 2
(
r − r1
r − r2
)−1/2√α]
,
W (r) = W0 − 2K1 J
(
r − r1
r − r2
)−1/2√α √(r − r1 ) (r − r2 )
l H(r)
,
dW
dr
= − J
H2
.
(16.13)
The electromagnetic field tensor is given by
(F αβ) =


−cHW
F
0 −c H
F
0 0 0
−c(F−H
2W 2)
HF
0 cHW
F

 , c = (r2 − r1 )
√
1− α
l2
. (16.14)
In the search of its eigenvectors, one arrives at
λ1 = 0;V1 = [V
1 = 0, V 2 = V 2, V 3 = 0], VµV
µ =
V 2
2
F
, V1 = S1,
λ2 =
c√
F
;
V2 = [V 1 = V 1, V 2 = 0, V 3 = −
(
HW +
√
F
)
V 1
H
], V µVµ = 0, V2 = N2,
λ3 = − c√
F
;
V3 = [V 1 = V 1, V 2 = 0, V 3 =
(
−HW +√F
)
V 1
H
], V µVµ = 0, V3 = N3, (16.15)
hence this tensor is of the type
{S,N1, N2}.
For the energy–momentum tensor
(T αβ) =


− 1
8π
c2
F
0 0
0 1
8π
c2
F
0
0 0 − 1
8π
c2
F

 , (16.16)
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the eigenvectors are
λ1 =
1
8π
c2
F
;V1 = [V 1 = 0, V 2 = V 2, V 3 = 0], VµV
µ =
V 2
2
F
,V1 = S1,
λ2,3 = − 1
8π
c2
F
;V2, 3 = [V 1 = V 1, V 2 = 0, V 3 = V 3],
VµV
µ = −V
12F
H
+
(
V 1W + V 3
)2
H =
V 1
2
F (Z2 − 1)
H
,
V2 = {T2,N2,S2}, V3 = {T3,N3,S3},
(16.17)
hence it allows for the types:
{S, 2T}, {S, 2N}, {S, 2S}.
The Cotton tensor
(Cαβ) =


C11 0 C
1
3
0 0 0
C31 0 −C11

 ,
C11 = −C33 = − c
2
32πF 2
(
W Q+ 2 FJ
H
)
,
C13 = − c
2
32πF 2
Q,
C31 = − c
2
32πF 2H2
[
−WH2
(
WQ+ 4 FJ
H
)
− FQ
]
,
Q : = 2F d
dr
H −H d
dr
F ;
Q = − 2
lK1
√
(r − r1 ) (r − r2 )
[(
r − r1
r − r2
)1/2√α
+ J2K1 2
(
r − r1
r − r2
)−1/2√α]
.
(16.18)
possesses the following set of eigenvectors
λ1 = 0;V1 = [V
1 = 0, V 2 = V 2, V 3 = 0], VµV
µ = V 2
2
/F, V1 = S1,
λ2 =
1
4
i
√
αc2 (r2 − r1 )
π F 3/2l2
;
V2 = [V 1 = −c2V 3Q
(
c2WQ+ 2 c
2J F
H
+ 32 λ2 F
2π
)−1
, V 2 = 0, V 3 = V 3],V2 = Z,
λ3 = −1
4
i
√
αc2 (r2 − r1 )
π F 3/2l2
;
V3 = [V 1 = −c2V 3Q
(
c2WQ+ 2 c
2J F
H
+ 32 λ3 F
2π
)−1
, V 2 = 0, V 3 = V 3],V3 = Z¯.
(16.19)
therefore its type is
{S, Z, Z¯}.
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XVII. CONCLUDING REMARKS
In the framework of the Einstein–Maxwell theory with negative cosmological constant
different families of exact solutions for cyclic symmetric stationary (static) metrics have
been studied, evaluated their energy–momentum densities and global energy–momentum-
mass quantities using the Brown–York approach. As reference characteristics there have
been used the ones corresponding to the stationary or static BTZ–AdS with parameter M0–
solutions. The electric and magnetic solutions, and their generalizations through SL(2, R)–
transformations exhibit at the spatial infinity ρ→∞ the following generic behavior
J(ρ→∞) ≈ αJ J + βJ ln ρ,
ǫ(ρ→∞, ǫ0|∞(M0)) ≈ l
2π ρ2
(αMM − αM0M0) + αQ
Q2
2π ρ2
+
a
2π ρ
J +
A
π ρ2
ln ρ,
E(ρ→∞, ǫ0|∞(M0)) ≈ l
ρ
(βMM − βM0M0) + β2
Q2
ρ
+
b
ρ
J + 2
B
ρ
ln ρ,
M(ρ→∞, ǫ0|∞(M0)) ≈ γMM − γM0M0 + γQQ2 + c J + C ln ρ,
where αJ , βM ,..., γQ are constant numerical factors related to the physical parameters: J
momentum, M mass,..., Q electromagnetic charge.
The momentum, energy and mass of the hybrid solutions behaves at spatial infinity
ρ→∞ as follows
J(ρ→∞) ≈ αJ J + βJ ,
ǫ(ρ→∞, ǫ0|∞(M0)) ≈ l
2π ρ2
(αMM − αM0M0) + αQ
Q2
2π ρ2
+
a
2π ρ2
J,
E(ρ→∞, ǫ0|∞(M0)) ≈ l
ρ
(βMM − βM0M0) + βQ
Q2
ρ
+
b
ρ
J,
M(ρ→∞, ǫ0|∞(M0)) ≈ γMM − γM0M0 + γQQ2 + c J,
where the charge Q is related with the electromagnetic parameter α.
Moreover, the eigenvectors for their electromagnetic field, energy–momentum and Cotton
tensors have been explicitly determined; the static and stationary Peldan electric classes,
the Martinez–Teitelboim–Zanelli and the Clement solutions exhibit the following algebraic
types:
Field : {S,N,N}, Energy : {S, 2T}, {S, 2N}, {S, 2S}; Cotton : {S, Z, Z¯},
while the static and stationary Peldan magnetic families, the Hirschmann–Welch and the
Dias–Lemos solutions exhibit the following algebraic types:
Field : {T, Z, Z¯}, Energy : {T, 2S}; Cotton : {S, Z, Z¯}.
The Garcia solution allows for the set of types:
Field : {T, Z, Z¯}, {S, Z, Z¯}, {T, 2N}, {S, 2N}, {3N},
Energy : {T, 2T}, {T, 2S}, {T, 2N}.{T, 2N}, {S, 2T}, {S, 2S}, {S, 2N}.{3N},
Cotton : {S, Z, Z¯}.
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The hybrid Cataldo and Ayon–Cataldo–Garcia solutions fall into the types:
Field : {S,N,N},Energy : {S, 2T}, {S, 2S}, {S, 2N}, Cotton : {S, Z, Z¯}.
The Kamata–Koikawa belongs to types
Field : {3S},Energy : {3S}, {3N}, Cotton : {3S}, {3N}.
Finally, the Matyjasek–Zaslavski solution exhibits the types
Field : {S,N,N},Energy : {S, 2T}, {S, 2S}, {S, 2N}, Cotton : {0}.
Recall that algebraic structures {T, 2S} are thought of as perfect fluids. though
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Appendix A: Summary of the Brown–York approach to Σ–hypersurfaces and
B–three–boundary
Following the Brown–York formulation [10], for a 4–dimensional spacetime with metric
gµν a foliation Σ determines and is determined by a congruence of timelike unit normal
vectors uµ proportional to the gradient of a scala field t labeling the hypersurfaces, i. e.,
uµ = −N t,µ, where N is the lapse function. The spatial metric tensor field hµν is defined
on Σ by hµν = gµν + uµ uν .The covariant derivative ∇µ with respect to gµν induces on Σ
a covariant derivative Dµ by means of the projection Dµ = h
α
µ∇α. For any spatial tensor
field T νµ , T
ν
µ u
µ = 0, the spatial covariant derivative is defined as DµT
λ
ν = h
α
µ h
λ
γ h
β
ν ∇αT γβ .
The extrinsic curvature of Σ occurs to be Kµν = −hαµ∇αuν = −Dµuν, which is a symmetric
spatial tensor because the normal timelike vector uµ is a gradient and consequently possesses
vanishing rotation, ωµν = (uµ;ν − uν;µ)/2 + (uµ;αuα uν − uν;αuα uµ)/2 = 0, which implies
hαµ∇αuν − hαν∇αuµ = 0.
Following Brown–York paper, for convenience, coordinates adapted to the foliation are in-
troduced by choosing t as the time coordinate while xi, i = 1, 2, 3, lie in the surface Σ,
consequently ∂
∂ xi
are spacelike vectors. Accordingly, the spacetime metric can be written as
ds2 = gµνdx
µdxν = (hµν − uµuν)dxµdxν = −Ndt2 + hij(dxi + V idt)(dxj + V jdt),
where N and V i = hi0 = −N ui are correspondingly the shift function and the shift vector. It
follows that the spatial tensor hµν = 2hijδ
(µ
i δ
ν)
j , where h
ij form a matrix inverse to the metric
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components hij of the hypersurface, h
ishsj = δ
i
j. Spatial vector fields T
µ possess vanishing
contravariant time components T 0 = 0, therefore their space components are lowered and
raised by means of hij and h
ij , Ti = giµT
µ = hijT
j, and T i = giµTµ = h
ijTj . In particular,
the spacetime tensors Dµf , DµT
α, for a spatial vector T α, and Kµν = −Dµuν are spatial
tensors, then Dif , DiT
j, and Kij are tensors on Σ with indices raised and lowered by h
ij
and hij.
With respect to this coordinate decomposition, the space components of the extrinsic cur-
vature Kij occurs to be
Kij = − 1
2N
[
∂
∂t
hij − 2D(iVj)
]
, (A1)
hence the momentum P ij for the hypersurfaces Σ is defined as
P ij =
1
2 κ
√
det(hij)
[
K hij −Kij] , (A2)
which is appropriate if the matter fields are minimally coupled to gravity, i. e., those fields
do not contain derivatives of gµν .
The extrinsic geometry of a three–boundary
3
B is defined in a way similar to the one
exhibited above for the hypersurfaces Σ. Nevertheless, as pointed in Ref. [10], the three–
boundary is not thought of as a member of a foliation of the whole spacetime M since
the extension of
3
B throughout all M could be forbidden by the topology of M . Denoting
by nµ the outward pointing spacelike normal to the three–boundary
3
B, nµ nµ = 1, the
projection metric on
3
B is given by γµν = gµν − nµ nν . The extrinsic curvature is defined by
Θµν = −γλµ∇λnν = −Dµnν , where Dµ = γλµ∇λ denote the induced covariant derivative for
tensors that are tangent to the three–boundary
3
B.
Introducing intrinsic coordinates on
3
B adapted to the choice of the spacelike normal nµ =
N δ3µ by means of xi, i = 0, 1, 2, the spacetime metric becomes
ds2 = (γµν + nµnν)dx
µdxν = N 2(dx3)2 + γij(dxi +N idx3)(dxj +N jdx3).
Likewise, the components of tensors tangent to the three–boundary
3
B are raised and lowered
by the intrinsic metric tensors γij and γij, in particular this hold for the components of the
intrinsic curvature Θij .
The definition of the boundary momentum amounts to
πij = − 1
2 κ
√
− det(γij)
[
Θ γij −Θij] . (A3)
Two dimensional subspace V2 immersed in a spacetime M
According to the theory of Vn embedded in a Vm, m ≥ n, in the specific case of n = 2
and m = 4 there exist two orthogonal vector fields, say ξ1 and ξ2, normal to two three–
dimensional manifolds Σ1 and Σ2. The set of points where these ”hypersurfaces” intersect
gives rise to a 2-subspace having as outward normals the vectors ξ1 and ξ2. This 2-subspace
can be characterized by its metric and extrinsic curvature.
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From the Brown–York paper it follows that the intersections of the families of hypersur-
faces Σ and the three–boundary
3
B, such that for their normals u and n the orthogonality
condition (u · n)| 3
B
= 0 holds, determine the two–boundaries B on which the metric σµν ,
tangent to both u and n fields at the intersection, is defined by
σµν = gµν + uµuν − nµnν = hµν − nµnν = γµν + uµuν , (A4)
fulfilling σµνu
µ = 0 = σµνn
µ; notice that γµνu
µ = uν and hµνn
µ = nν because of the tangent
property of the vectors involved. The spacetime metric can be given as
ds2 = (σµν + nµnν − uµuν)dxµdxν = −(uµdxµ)2 + (nνdxν)2 + σµνdxµdxν .
The metric element on
3
B, constructed via the space metric γij, i = 0, 1, 2 through the metric
σab, a, b = 1, 2, of the two boundary B, and the components of uµ = −Nδ0µ can be given as
γijdx
i dxj = −N2 dt2 + σab(dxa + V adt)(dxb + V bdt). (A5)
If we were using the decomposition of the spacetime metric with respect to a normal spacelike
vector nµ = N δ3µ one would arrive at
gµν = γµν + nµnν , gij = γij, g3j = γ3j = −N iγij, g33 = N 2 +N iN jγij,
where i, j = 0, 1, 2. Hence the four–dimensional metric would be written as
ds2 = (γµν + nµnν)dx
µdxν = N 2(dx3)2 + γij(dxi −N idx3)(dxj −N jdx3).
Restricting oneself to lie on the surface x3 = const., the three–boundary
3
B metric reduces
to
ds2| 3
B
= γijdx
i dxj.
This projection metric γij, i, j = 0, 1, 2, can be considered as spanned by the two-dimensional
metric σab of the two–boundary B and the vector field ui = −Nδ0i orthogonal to the hyper-
surface Σ. I consider illustrative to give certain details about the derivation of the metric of
3
B
in terms of the tensor components σab and the components of u
i, γij = σij−uiuj, i, j = 0, 1, 2.
Since ui = −Nδ0i , uj = γjiui, uj = γjiui, then uj = −Nγj0, and from the unit condition
uµ uµ = −1 one gets γ00 = −1/N2, consequently u0 = 1/N and ua = −Nγa0 =: Na/N ,
which yields Na = −N ua. On the other hand, from the condition of orthogonality σijuj = 0
one has σi0u
0 + σiau
a = 0, the substitution of u0 and ua yields σi0 = σiaN
a, or explicitly by
components σb0 = σabN
a, σ00 = σb0N
b = σabN
aN b. Gathering these results one has
γ00 = σ00 −N2 = σabNaN b −N2,
γ0b = σ0b = σabN
a,
γab = σab,
(A6)
consequently
γijdx
i dxj = γ00dt
2 + 2γ0adt dx
a + γab dx
a dxb
= −N2 dt2 + σabNaN b dt2 + σabNa dxb dt+ σab dxa dxb
= −N2 dt2 + σab(dxa +Na dt)(dxb +N b dt).
(A7)
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The three–boundary unit normal nµ is orthogonal to both the three–boundary
3
B embedded
in the spacetime M and the two–boundary B as embedded in the hypersurface Σ. The
extrinsic curvature of the two–boundary B as embedded in the hypersurface Σ is defined by
kµν = −σαµDαnν = −σαµhβαhλν∇βnλ = −σµαhαβnλ;βhλν , (A8)
where Dαnν = h
β
αnλ;βh
λ
ν is the covariant derivative on Σ of nα obtained by projecting with
the tensor hβα the spacetime covariant derivative of the spacelike vector nα. The tensors σαβ
and kµν are defined only on
3
B.
The relevance of this splitting of the spacetime M into hypersurfaces Σ, the three–
boundary
3
B, and the two–boundary space B in the Brown–York approach resides in its
use in the formulation of the quasilocal energy and conserved charges of gravitational and
matter fields minimally coupled to gravity in a spatially bounded region given in detail in
Ref. [? ].
For the choice of the timelike field uα = −Nδ0α = −δ0α/
√−g00 normal to the hypersurface
Σ one establishes that the contravariant components uα = −N g0α are given in terms of the
metric components as uα = −g0α/
√
−g00, and the shift function is N = 1/
√
−g00, while the
shift vector components amount to N i = −N ui = −gi0/g00. Hence the projection tensor
can be given as:
hαβ =

 ha 0 = gabN b = −gabgb0 1g00 ha b = ga b
gabN
aNb = gabg
a0gb0 1
(g00)2
h0 b = gbsN
s = −gabga0 1g00

 ,
hαβ =

 0 hab = ga b − ga0gb0 1(g00)3
0 0

 ,
hβα =

 0 hba = δba
0 hb0 = N
b = −gb0 1
g00

 , (A9)
where Latin letters run a, b, ..., i = 1, 2, 3.
If one chose the spacelike normal nα to the three–boundary
3
B as pointing along the
coordinate x3 then nα = N δ3α. One would have that the contravariant components nα =
N g3α are given in terms of the metric components as nα = g3α/
√
g33, and the function is
N = 1/√g33, while the vector components amount to NA = N nA = gA3/g33. Moreover,
the following decomposition will hold:
gµν = γµν + nµnν , gAB = γAB, g3B = γ3B = −NA gAB, g33 = N 2 +NANB gAB,
where capital Latin letters run A,B, ..., J = 0, 1, 2 have been introduced to avoid misunder-
standing.
In the definition of the intrinsic curvature kµν , Eq. (A8), of the two–surface B enter the
metric tensor σµν, the covariant derivative on Σ and the normal n to
3
B. The metric on
3
B,
i.e., the spacetime metric on x3 = const. is given by
ds2| 3
B
= gABdx
A dxB = γABdx
A dxB.
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One can relate γAB to σµν and the timelike normal vector u
µ to the hypersurface Σ by
defining σAB = γAB + uAuB. Since uA = −N δ0A, uµ = gµAuA = −N gµ0, and the unit
condition uµu
µ = −1 → N2g00 = −1 → N = 1/
√
−g00. Moreover, due to (u · n)| 3
B
= 0,
therefore uµ nµ = 0→ u3 = 0, hence uµ → uA. Consequently uB = gBAuA = −gB0/
√−g00.
On the other hand σµνu
µ = 0, thus uA = γABuB, uA = γABu
B, in particular,uA = −N γA0 =
−γA0/√−g00. The unit condition yields N2γ00 = −1, thus u0 =√−g00, and uı = −Nγı 0 =:
−N ı/N , where ı,  = 1, 2. The condition σµνuµ = 0 yields σµ0u0 + σµ1u1 + σµ2u2 = 0 →
σµ0u
0 + σµıu
ı = 0, using the expressions above of u0 and uı one obtains σµ 0 = σµ ıN
ı, or
explicitly σ 0 = σ ıN
ı, σ00 = σ0 ıN
ı = σ ıN
ıN ı. Moreover, from σµνuν = 0→ σµ 0 = 0 = σ0µ,
thus σij = γij + uiuj = γij − g0ig0j/g00, and γ0µ = g0µ. Therefore
σı  = γı , σ0  = γ0  = σı N
ı = γı N
ı, N ı = −gı 0/g0 0,
σ00 = γ00 +N
2 = σı N
ıN  = γı N
ıN , N2 = −1/g0 0.
kµν = −σµαDαnν = −σµαhβα hλν∇βnλ
= −σµαh0α hλν∇0nλ − σµαhiα hλν∇inλ = −σµαhiα hλν∇inλ
= −σµ 0hi0hλν∇inλ − σµ jhij hλν∇inλ = −σµ j hλν∇jnλ (A10)
k0ν = 0, k
i
ν = −σi j hλν∇jnλ (A11)
It remains still to give the expression of σij in terms of the metric components gµν . Since
uαn
α = 0 on B3, because of the choice of coordinates along uα and nα, one has u
3 = 0 and
n0 = 0, hence g03 = 0. Consequently, σij reduces to the components i, j = 1, 2, i.e., with
ı,  = 1, 2, namely
σı  = gı  − nın + uıu = gı  − gı3g3/g33 − gı0g0/g00, (A12)
while σi3 = σ3i = 0, i = 1, 2, 3.
In this coordinate frame the intrinsic curvature of B becomes
kıν = −σı  hλν∇(N δ3λ) = −σı hλν
(
δ3λ
∂N
∂x
−NΓ3 λ
)
. (A13)
1. Energy and momentum surface densities, and spatial stress
The energy surface density ǫ, the momentum surface density ja, and the spatial stress s
ab
are defined as normal and tangential projections of τ ij = 2/
√−γ(πijcl−πij0 ) on the two-surface
B
ǫ = uiujτ
ij = − 1√
σ
δScl
δ N
,
ja = −σaiujτ ij = 1√
σ
δScl
δ V a
,
sab = σai σ
a
j τ
ij =
2√−γ
δScl
δ σab
. (A14)
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The subscript cl stands for classical. The surface stress–energy–momentum tensor τ ij in-
cludes contributions from both the gravitational and the matter fields. These quantities are
tensors with respect to the metric σab defined on the two–surface B and physically represent
the corresponding quantities associated with matter and gravitational fields on the hyper-
surface Σ with boundary B. In particular, the total energy for Σ is obtained by integrating
ǫ on the boundary B, E =
∫
B
d2x
√
σǫ.
These tensors can be given as
ǫ =
1
κ
k|cl + 1√
σ
δS0
δ N
,
ja = −2
(
1√
h
σainkP
i k
)
|cl − 1√
σ
δS0
δ V a
,
sab =
1
κ
[
kab + (n · a− k)σab] |cl − 2√−γ δS
0
δ σab
, (A15)
|cl means evaluation for the classical solution, i.e., evaluation for a particular spacelike hyper-
surface Σ in the spacetime, indices that refer to coordinates on B3 are denoted by i, j, tensor
indices that refer to coordinates on Σ are underlined i, k, indices that refer to coordinates
on B are denoted by a, b.
There exist an ambiguity in the choice of the reference term S0, which is eliminated in
the Brown–York paper by demanding that ǫ, and ja of a particular Σ should depend only
on the canonical variables hij , and P
ij defined on Σ. In particular, with this aim in mind,
a possible choice is S0 as a linear functional of the lapse function N and shift vector V a on
the two–boundary B
S0 = −
∫
B3
d3x
(√
σN A+ 2
√
σV aBa
)
(A16)
where A and Ba are arbitrary functions of the two–metric σab
In Ref. [10] a comment in extenso follows the choice of Ba =
(
1√
h
σainkP
i k
)
|0 and
A = k|0 by choosing a reference space–a fixed spacelike slice of some fixed spacetime–and
then consider a two–surface in the slice whose induced two–metric is σab. If the two–surface
exists then one evaluates the specific functions A and B above yielding the sought functions
of σab. For such choice of A and B one gets
ǫ =
1
κ
k|cl0 ,
ja = −2
(
1√
h
σainkP
i k
)
|cl0 . (A17)
In particular, such functions A and B are uniquely determined by the flat reference space,
at least for all positive curvature two–metrics with two–sphere topology. Moreover, for a
flat slice of flat spacetime
(
1√
h
σainkP
i k
)
|0 = 0 because P i k = 0 identically.
The total quasilocal energy is defined over the two–surface B as
E =
∫
B
d2x
√
σǫ. (A18)
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For metric allowing the existence of symmetries associated with a Killing field ξ on the
boundary
3
B a conserved charge can be defined as
Qξ =
∫
B
d2x
√
σ(ǫ ui + ji) ξi. (A19)
If the Killing field ξ is timelike, then the negative of the corresponding charge defines a
conserved mass M := −Qξtimelike. If the Killing field ξ is a rotational symmetry on
3
B, then
the corresponding conserved charge defines the angular momentum J := Qξrotational ; if the
surface B contains the orbits of ξrotational, then the angular momentum can be determined
by
J =
∫
B
d2x
√
σji ξi. (A20)
As pointed out in Ref. [11], the distinction between mass M and energy E is relevant for
spacetimes that are asymptotically anti–de Sitter due to the divergent character at spatial
infinity of the magnitude of the timelike Killing vector in that case; the timelike Killing
vector does not approach the unit normal to the stationary time slices at spatial infinity,
consequently E and M do not coincide.
The reduction of the above theory to (2+1)–dimensional spacetime is straightforward.
Appendix B: Symmetries of the stationary and static cyclic symmetric BTZ solutions
The study of the symmetries of the stationary and static cyclic symmetric BTZ families
and AdS classes of solutions starts with the stationary metric for the standard BTZ solution
g = −F (r)2 d t2 + dr
2
F (r)2
+ r2 [dφ+ V (r)d t]2 ,
F (r)2 =
r2
l2
−M + J
2
4 r2
, V (r) = − J
2 r2
. (B1)
The covariant components of the Killing vectors Vα are denoted by vα, namely
V1(t, r, φ) = v1 , V2(t, r, φ) = v2 , V3(t, r, φ) = v3 . (B2)
The Killing equations Vµ;ν + Vν;µ = 0 amount explicitly to
EQ11 =
∂
∂t
v1 − rF (r)
2
l2
v2 , (B3a)
2EQ12 =
∂
∂r
v1 +
∂
∂t
v2 − J
l2rF (r)2
v3 − 2 r
l2F (r)2
v1 , (B3b)
2EQ13 =
∂
∂φ
v1 +
∂
∂t
v3 , (B3c)
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EQ22 = F (r)
∂
∂r
v2 + v2
d
dr
F (r)→ v2 = F1 (t, φ)
2lF (r)
, (B3d)
EQ23 =
∂
∂φ
v2 +
∂
∂r
v3 +
J
rF (r)2
v1 + 2
(Ml2 − r2)
rl2F (r)2
v3 , (B3e)
EQ33 =
∂
∂φ
v3 + r F (r)2 v2 , (B3f)
where Fi (t, φ) , i = 1, 2, 3, are integration functions.
Isolating v1 from (B3e) in terms of v2 and v3 and their derivatives one gets
rl2Jv1 = 2 r
(
r2 −Ml2) v3 − r2 l2 F (r)2( ∂
∂φ
v2 +
∂
∂r
v3
)
. (B4)
Next, substituting v1 from above and the first integral of v2 from (B3d) into equation (B3b)
one arrives at a linear second order equation for v3 with integrals
v3 =
r2
2
F2 (t, φ) + F3 (t, φ)− 1
2
r l F (r)
M2l2 − J2
(
J
∂
∂t
F1 (t, φ) +M
∂
∂φ
F1 (t, φ)
)
(B5)
which substituted, together with v2 from (B3d), into Eq. (B4) for v1 gives
v1 = 2
(r2 −Ml2)
Jl2
F3 (t, φ)− 1
4
J F2 (t, φ)
+
1
2
r l F (r)
(l2M2 − J2)
(
J
l2
∂
∂φ
F1 (t, φ) +M
∂
∂t
F1 (t, φ)
)
.
(B6)
The dependence of the Killing vector components on the r variable has been established;
it remains still to determine their dependence on the t and φ variables hiding in the
F1 (t, φ) ,F2 (t, φ) and F3 (t, φ) functions. Substituting the expressions of v1 from (B6),
v3 from (B5), and v2 from (B3d) one arrives at the independent equations
F1 (t, φ)J
2 + l2J
∂2
∂t∂φ
F1 (t, φ) + l
2
(
∂2
∂φ2
F1 (t, φ)
)
M − F1 (t, φ)M2l2 = 0, (B7a)
F1 (t, φ) J
2 + l2J
∂2
∂t∂φ
F1 (t, φ) +M
(
∂2
∂t2
F1 (t, φ)
)
l4 − F1 (t, φ)M2l2 = 0, (B7b)
with integral
F1 (t, φ) = C1 e
√
Ml−J(lφ+t)
l3/2 + C2 e
√
Ml+J(lφ−t)
l3/2 + C3 e
−
√
Ml+J(lφ−t)
l3/2 + C4 e
−
√
Ml−J(lφ+t)
l3/2 . (B8)
Furthermore,there have to be solved constraints on F2 (t, φ) and F2 (t, φ), namely
∂
∂t
F3 (t, φ) = 0,
∂
∂φ
F3 (t, φ) = 0,F3 (t, φ) = J C6 = const.,
∂
∂t
F2 (t, φ) = 0,
∂
∂φ
F2 (t, φ) = 0,F2 (t, φ) = C5 = const. (B9)
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where the integration constants are denoted through Ci , i = 1, ..., 6. Finally, the covariant
Killing vector components are
V1 =
1
2
r F (r)
l3/2
√
M2l2 − J2
(
C1
√
Ml + Jexp(
√
Ml − J
l3/2
(lφ+ t))
−C2
√
Ml − Jexp(
√
J +Ml
l3/2
(lφ− t)) + C3
√
Ml − Jexp(−
√
J +Ml
l3/2
(lφ− t))
−C4
√
Ml + Jexp(−
√
Ml − J
l3/2
(lφ+ t))
)
− J
4
C5 − 2 (Ml
2 − r2)
l2
C6 , (B10a)
V2 =
1
2lF (r)
(
C1 exp(
√
Ml − J
l3/2
(lφ + t)) + C2 exp(
√
J +Ml
l3/2
(lφ − t))
+C3exp(−
√
J +Ml
l3/2
(lφ− t)) + C4 exp(−
√
Ml − J
l3/2
(lφ+ t))
)
, (B10b)
V3 = − 1
2l1/2
r F (r)√
M2l2 − J2
(
C1
√
Ml + Jexp(
√
Ml − J
l3/2
(lφ+ t))
+C2
√
Ml − J exp(
√
Ml + J
l3/2
(lφ− t))− C3
√
Ml − Jexp(−
√
Ml + J
l3/2
(lφ− t))
−C4
√
Ml + Jexp(−
√
Ml − J
l3/2
(lφ+ t))
)
+
r2
2
C5 + J C6 . (B10c)
These expressions allow one to determine the Killing vector ki associated to its corre-
sponding integration constant Ci for each of the possible i, by means of Vµ =
∑6
i=1kiµ ,
where kiµ = CiViµ, for each fixed value of i. The contravariant vectors’ components ki
µ,
∂ki = ki
µ ∂
∂xµ
, are derived from the relationship V µ = Vνg
νµ =
∑6
i=1kiνg
νµ =
∑6
i=1ki
µ =∑6
i=1CiV
µ
i . Explicitly these Killing vectors are reported in the main text, Section ??.
1. Symmetries of the anti–de Sitter space with positive M , M > 0
By a straightforward integration of the Killing equations for the anti–de Sitter metric
g = −F (r)2 d t2 + dr
2
F (r)2
,+r2dφ2, F (r)2 =
r2
l2
−M, (B11)
or as a limiting transition of the previously derived Killing vectors for the stationary BTZ
by setting J → 0, Ca → 2ca , C6 → c6/2 one arrives at the covariant components of the
Killing vectors; V = Vµdx
µ = CaVaµdx
µ–one vector for each constant–V = caVa:
V1 = r
√
r2 −Ml2
l3
√
M
(
e
√
M(lφ+t)
l c1 − e
√
M(lφ−t)
l c2 + e
−
√
M(lφ−t)
l c3 − e−
√
M(lφ+t)
l c4
)
+c6
r2 −Ml2
l2
, (B12)
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V2 =
1√
r2 −Ml2
(
e
√
M(φ l+t)
l c1 + e
√
M(φ l−t)
l c2 + e
−
√
M(φ l−t)
l c3 + e
−
√
M(φ l+t)
l c4
)
,
(B13)
V3 = −r
√
r2 −Ml2√
Ml2
(
e
√
M(φ l+t)
l c1 + e
√
M(φ l−t)
l c2 − e−
√
M(φ l−t)
l c3 − e−
√
M(φ l+t)
l c4
)
+r2c5 . (B14)
From the view point of the group properties more important are the contravariant Vi
µ
components of the Killing vectors ∂V = Ca∂ka = Caka
µ∂µ.
2. Symmetries of the anti–de Sitter metric for negative M , M = −α2
If negativeM , one equates it to −α2. Moreover, instead of complex exponential function,
it will be better to use trigonometric sine and cosine functions. Thus, one can give the Killing
vector components as V = Vµdx
µ = CaVaµdx
µ
V1 =
r
√
α2 l2 + r2
α l3
(
−C1 sin (αφ) cos
(
α t
l
)
+ C2 sin (αφ) sin
(
α t
l
)
−C3 cos (αφ) cos
(
α t
l
)
+ C4 cos (αφ) sin
(
α t
l
))
+ C5 (α
2l2 + r2), (B15)
V2 =
√
α2l2 + r2
(
C1 sin (αφ) sin
(
α t
l
)
+ C2 sin (αφ) cos
(
α t
l
)
+C3 cos (αφ) sin
(
α t
l
)
+ C4 cos (αφ) cos
(
α t
l
))
, (B16)
V3 =
r
√
α2l2 + r2
α l2
(
C1 cos (α φ) sin
(
α t
l
)
+ C2 cos (αφ) cos
(
α t
l
)
−C3 sin (αφ) sin
(
α t
l
)
− C4 sin (αφ) cos
(
α t
l
))
+ C6 r
2, (B17)
correspondingly, the contravariant components are given in the main text, Section IVD.
This anti–de Sitter metric, (cosmological constant negative–λ = −1/l2), for the coor-
dinates {t, ρ, φ}–merely names–ranging −∞ ≤ t ≤ ∞, −∞ ≤ ρ ≤ ∞; −∞ ≤ φ ≤ ∞
allows for six symmetries, i.e., six Killing vectors. For these ranges of determination of the
coordinates, the space is maximally symmetric.
The same situation takes place if the spatial coordinates are restricted to range
0 ≤ ρ ≤ ∞, 0 ≤ φ ≤ 2π,
and α is set equal to unity, α = 1 = −M , then in such case ρ and φ become polar coordinates
with φ being the angular coordinate with period 2π. This spacetime–the (proper) anti–
de Sitter space (with M = −1)–allows for six symmetries, and as such it is maximally
symmetric.
